Array processing techniques for direction of arrival estimation, communications, and localization in vehicular and wireless sensor networks by Marinho, Marco Antonio Marques
ARRAY PROCESSING TECHNIQUES FOR
DIRECTION OF ARRIVAL ESTIMATION,
COMMUNICATIONS, AND LOCALIZATION IN
VEHICULAR AND WIRELESS SENSOR NETWORKS
MARCO ANTONIO MARQUES MARINHO
TESE DE DOUTORADO EM ENGENHARIA ELÉTRICA





DEPARTAMENTO DE ENGENHARIA ELÉTRICA
ARRAY PROCESSING TECHNIQUES FOR
DIRECTION OF ARRIVAL ESTIMATION,
COMMUNICATIONS, AND LOCALIZATION IN
VEHICULAR AND WIRELESS SENSOR NETWORKS
MARCO ANTONIO MARQUES MARINHO
Orientadores:
PROF. DR.-ING. JOÃO PAULO CARVALHO LUSTOSA DA COSTA, ENE/UNB
PROF. DR. ALEXEY VINEL, HALMSTAD UNIVERSITY
Co-orientador:
PROF. DR. FELIX ANTREICH, GTEL/UFC
TESE DE DOUTORADO EM ENGENHARIA ELÉTRICA
PUBLICAÇÃO PPGENE.TD - 127/2018





Marco Antonio e Marcelita, tudo que há de bom em mim nasceu de vocês. Aprendi
muito ao longo desses anos de doutorado longe de vocês, mas a maior lição que
aprendi é vocês são as pessoas mais importantes da minha vida. Amo vocês acima
de tudo.
Ao meu irmão:
Murilo, companheiro ao longo dessa jornada que escolhemos. Sem nossas conver-
sas e discussões sobre a vida de um doutorando eu provavelmente teria perdido a
batalha mais importante dessa guerra, a de manter-me são e sensato. Obrigado
por tudo.
A minha noiva:
Stephanie, minha parceira e amiga. A distância ao longo desses anos não foi capaz
de diminuir seu amor, companheirismo e carinho. Obrigado por sua dedicação e
paciência nos momentos mais difíceis. Sua força em frente as dificuldades foi uma
grande fonte de inspiração. Te amo.
Marco Antonio Marques Marinho
Acknowledgments
To Prof. Felix Antreich, my friend, mentor, and co-supervisor. For helping me out
through the rough patches along the way, not just academically, but also when got the short
end of the stick after physical encounters with motor vehicles. Without his support and
guidance I would not have arrived at this destination. It is a great honor to work and research
alongside him.
To my supervisor Prof. João Paulo Carvalho Lustosa da Costa, to whom I own so much,
for the endless support throughout my entire academic career. I am thankful for his patience,
trust and for the endless opportunities he has provided me during my academic career. It is
thanks to him I have gotten to experience so much of the world and had the opportunity to
know so many interesting fields of research.
To my supervisor Prof. Alexey Vinel, who deposited so much trust in me by accepting
me as a student in Halmstad. He always did his best and dedicated so much time to ensure
I could apply my knowledge to interesting and relevant topics during my stay in Sweden. I
appreciate all his effort to make my Ph.D. experience productive and stimulating. Without
his help many interesting results would never have come to be.
To Prof. Edison Pignaton de Freitas for his support and incentive across my academic
career. He was always able to keep a good humour even when I had lost mine. His seamlessly
endless ability to moderate conflict and connect people have help me throughout this journey
and serve as a great inspiration.
To Prof. Fredrik Tufvesson for the time dedicated to following my work and for all the
suggestions and guidance offered.
i
RESUMO
Técnicas de processamentos de sinais para comunicações sem fio tem sido um tópico de
interesse para pesquisas há mais de três décadas. De acordo com o padrão Release 9 de-
senvolvido pelo consorcio 3rd Generation Partnership Project (3GPP) sistemas utilizando
múltiplas antenas foram adotados na quarta geração (4G) dos sistemas de comunicação sem
fio, também conhecida em inglês como Long Term Evolution (LTE). Para a quinta geração
(5G) dos sistemas de comunicação sem fio centenas de antenas devem ser incorporadas aos
equipamentos, na arquitetura conhecida em inglês como massive multi-user Multiple Input
Multiple Output (MIMO). A presença de múltiplas antenas provê benefícios como o ganho
do arranjo, ganho de diversidade, ganho espacial e redução de interferência. Além disso,
arranjos de antenas possibilitam a filtragem espacial e a estimação de parâmetros, ambos
podem ser usados para se resolver problemas que antes não eram vistos pelo prisma de
processamento de sinais. O objetivo dessa tese é superar a lacuna entre a teoria de processa-
mento de sinais e as aplicações da mesma em problemas reais. Tradicionalmente, técnicas de
processamento de sinais assumem a existência de um arranjo de antenas ideal. Portanto, para
que tais técnicas sejam exploradas em aplicações reais, um conjunto robusto de métodos para
interpolação do arranjo é fundamental. Estes métodos são desenvolvidos nesta tese. Além
disso problemas no campo de redes de sensores e redes veiculares são tratados nesta tese
utilizando-se uma perspectiva de processamento de sinais. Nessa tesa métodos inovadores de
interpolação de arranjos são apresentados e sua performance é testada utilizando-se cenários
reais. Conceitos de processamento de sinais são implementados no contexto de redes de
sensores. Esses conceitos possibilitam um nível de sincronização suficiente para a aplicação
de sistemas de múltiplas antenas distribuídos, o que resulta em uma rede com maior vida
útil e melhor performance. Métodos de processamento de sinais em arranjos são propostos
para resolver o problema de localização baseada em sinais de rádio em redes veiculares, com
aplicações em segurança de estradas e proteção de pedestres. Esta tese foi escrita em língua
inglesa, um sumário em língua portuguesa é apresentado ao final da mesma.
Palavras chave: Estimação de DOA, Interpolação de Arranjo, MIMO, Redes de Sensores,
Posicionamento por Rádio
ABSTRACT
Array signal processing in wireless communication has been a topic of interest in research
for over three decades. In the fourth generation (4G) of the wireless communication sys-
tems, also known as Long Term Evolution (LTE), multi antenna systems have been adopted
according to the Release 9 of the 3rd Generation Partnership Project (3GPP). For the fifth
generation (5G) of the wireless communication systems, hundreds of antennas should be in-
corporated to the devices in a massive multi-user Multiple Input Multiple Output (MIMO)
architecture. The presence of multiple antennas provides array gain, diversity gain, spatial
gain, and interference reduction. Furthermore, arrays enable spatial filtering and parameter
estimation, which can be used to help solve problems that could not previously be addressed
from a signal processing perspective. The aim of this thesis is to bridge some gaps between
signal processing theory and real world applications. Array processing techniques tradition-
ally assume an ideal array. Therefore, in order to exploit such techniques, a robust set of
methods for array interpolation are fundamental and are developed in this work. Problems in
the field of wireless sensor networks and vehicular networks are also addressed from an ar-
ray signal processing perspective. In this dissertation, novel methods for array interpolation
are presented and their performance in real world scenarios is evaluated. Signal process-
ing concepts are implemented in the context of a wireless sensor network. These concepts
provide a level of synchronization sufficient for distributed multi antenna communication to
be applied, resulting in improved lifetime and improved overall network behaviour. Array
signal processing methods are proposed to solve the problem of radio based localization in
vehicular network scenarios with applications in road safety and pedestrian protection.
Keywords: DOA estimation, Array Interpolation, MIMO, Wireless Sensor Networks,
Radio Positioning
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Introduction
This work aims to make possible the application of signal processing techniques in sce-
narios that were previously unsuitable for it. To this end, the topic of array interpolation is
addressed, allowing imperfect arrays to be used for array processing. Furthermore, in this
dissertation, array signal processing techniques are proposed for wireless sensor networks
and vehicular networks.
The following research questions are addressed in this work:
1. How to estimate the directions of arrival of correlated sources that are impinging on
an antenna array that does not possess the necessary characteristics (geometry or elec-
tromagnetic response) for doing so?
2. Can array processing techniques be used to provide improved lifetime and communi-
cation performance in wireless sensor network?
3. Can array processing techniques be used to reliably estimate position of vehicles and
pedestrians in vehicular scenarios based on their radio transmissions?
While the overall goal of this thesis is to apply array processing to practical scenar-
ios, to allow the reader more freedom each research question is discussed on an individual
chapter. Each chapter is presented as self-contained as possible. Therefore, the reader may
read Chapter 1, Chapter 2, Chapter 3 independently. At the beginning of each chapter an
overview, listing the contents of the chapter to allow the reader to skip to sections of interest.
Together with the overview, a detailed list of the contributions is presented. Furthermore,
each chapter is given its own section providing a brief summary of the discussion contained
within, presented in Section 1.12, Section 2.8, and Section 3.9, respectively.
The first question is addressed in Chapter 1, where robust array interpolation methods are
proposed. By applying array interpolation, data with arbitrary geometries or responses can be
transformed into a tractable mathematical model. The problem of interpolation is addressed
from the ground up, and problems, such as the array discretization, are tackled. Linear
and nonlinear interpolation approaches are shown, providing a wide spectrum of alternatives
that can be used according to the desired accuracy and computational complexity of the
application. By using numerical simulations and measurements, this work shows that the
proposed methods outperform the state-of-the-art approaches. Section 1.2 presents a detailed
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background, and motivation on array interpolation. The six major contributions presented is
this chapter are:
1. A signal adaptive approach for sector detection. Avoiding the pitfalls of having to deal
with multiple sectors or the bias introduced by transforming the entire field of view of
the array.
2. Two well defined methods for sector discretization aiming to preserve the statistical
integrity of the transformed regions while minimizing the dimensionality of the data.
3. A linear approach for interpolation that aims to maximize the transformed signal re-
gions while minimizing the transformation error, minimizing the parameter estimation
bias.
4. A nonlinear extension for the linear approach, allowing the application of the proposed
linear method to arrays with an arbitrary number of dimensions.
5. Two nonlinear array interpolation methods. The nonlinear approaches are suitable for
dealing with arrays with highly distorted responses or improper geometries.
6. The performance of the proposed methods is tested using real antenna measurements,
validating the proposed methods under real scenarios.
Chapter 2 deals with the second research question. The developed array interpolation
tools can be employed to distributed antenna systems, such as wireless sensor networks
(WSNs). While interpolated clusters can perform beamforming and detect radio signal
sources, a more critical problem in WSNs is the energy efficiency, specially with respect
to communication. Another antenna array technique, the multiple-input multiple-output
(MIMO) communication technique can be used to achieve improved energy efficiency. How-
ever, to this end, it is necessary to achieve a very high degree of synchronization. The prob-
lem of synchronization is tackled, and its effects on the performance of MIMO systems are
assessed in detail. The energy performance of distributed MIMO systems is analysed, and
a threshold for its application is derived. The energetic performance of a network employ-
ing cooperative MIMO is shown considerably outperforms state-of-the-art single-hop and
multi-hop methods. A detailed introduction on the topic of cooperative MIMO in WSNs is
presented in Section 2.2. The five major contributions presented is this chapter are:
1. A study on the energy efficiency of C-MIMO with respect to multi and single-hop
communications, defining a threshold of selection between the multiple communica-
tion techniques.
2. An analysis on the impact of synchronization errors in distributed MIMO system with
respect to the symbol period and the size of the communication clusters involved.
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3. A study on the propagation of synchronization errors inside a WSN, and from that
the derivation of a closed form expression regarding the resynchronization interval in
distributed MIMO systems that takes into account the symbol duration and the clock
drift of the nodes involved.
4. Two methods for synchronization for WSNs with different trade-offs between perfor-
mance and computational complexity.
5. An adaptive method for selecting the cluster size of C-MIMO transmissions capable
of maximizing energy efficiency and improve the homogeneity of the energy reserves
across the network.
The third question is studied in Chapter 3, where the problem of localization in the con-
text of vehicular networks is tackled. A broadband data model considering the spherical
curvature of the received wavefront is presented. This data model is leveraged to allow the
estimation of the position of a transmitter using two separate antenna arrays. The problem
is parametrized to allow the direct estimation of the coordinates of a transmitter by jointly
processing data from both subarrays. Alternative localization approaches with reduced com-
putational load based on estimating the DOA and range of a transmitter are also proposed.
By using numerical simulations and measurements, this work shows that the proposed meth-
ods outperform the state-of-the-art approaches, achieving a sub-meter accuracy under certain
conditions. A detailed introduction to the problem of localization in vehicular scenarios can
be found in Section 3.2, while Section 3.1 presents an overview of the chapter and its research
contributions. The four major contributions presented is this chapter are:
1. A DOA only localization method capable of localizing transmitters near to a vehicle
at a low computational cost.
2. A localization method based on range and DOA estimations performed at independent
subarrays. The geometrical relationship between the individual estimates is used to
speed up the rate of convergence of the SAGE algorithm on the individual subarrays.
3. A novel parametrization for the received waveform data model allowing joint localiza-
tion estimation to be performed at both subarrays simultaneously.
4. Localization methods that do not require the transmission of specific location data that




In this chapter the following research question is addressed:
How to estimate the directions of arrival of correlated sources that are impinging on an an-
tenna array that does not possess the necessary characteristics (geometry or electromagnetic
response) for doing so?
1.1 Overview and Contribution
The remainder of this section is organized as follows:
• Motivation: The problem of direction of arrival estimation is discussed and a detailed
introduction on the subject of array interpolation presented along with the challenges
this work aims to tackle.
• Data Model: The spatial data model of a signal received at an antenna array is defined.
• Preliminaries: Here important concepts (spatial smoothing, forward backward aver-
age, Vandermonde invariant transformation, model order selection, and Estimation of
Signal Parameters via Rotational Invariance Techniques) used throughout the remain-
der of this chapter are presented in detail.
• Array Interpolation: The problem of array interpolation is defined and a distinction
between linear and nonlinear interpolation is made.
• Classical Interpolation: Here the prior methods available in the literature for array
interpolation are briefly detailed.
• Sector Detection and Discretization: A signal adaptive approach that allows sectors
of interest to be detected based on the received signal power is presented. Furthermore,
the problem of discretizing these sectors is addressed with two different approaches
introduced, employing the unscented transform (UT) and principal component analysis
(PCA) receptively.
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• Linear Interpolation: This section presents a linear interpolation approach that aims
to minimize the transformation bias while transforming as much as possible of the
received signal. A calculation of a transform matrix employing the UTs parameters
is discussed. The problem of selecting the proper smoothing length for proper signal
decorrelation is discussed.
• Multidimensional Interpolation: Here, a multidimensional extension of the linear
approach is presented. To derive this extension a multidimensional data model is pre-
sented and important tensor algebra concepts are detailed.
• Nonlinear Interpolation: This section presents two approaches for performing array
interpolation in a nonlinear fashion. A general regression neural network (GRNN) and
a multivariate adaptive regression splines (MARS) based approach are detailed.
• Simulation Results: Finally, the performance of the proposed methods is shown by
means of numerical simulations. A set of such simulations is performed using a real
measured response from an antenna array in order to validate the proposed methods
using real data.
The research contributions presented in this chapter are:
1. A signal adaptive approach for sector detection. Avoiding the pitfalls of having to deal
with multiple sectors or the bias introduced by transforming the entire field of view of
the array.
2. Two well defined methods for sector discretization aiming to preserve the statistical
integrity of the transformed regions while minimizing the dimensionality of the data.
3. A linear approach for interpolation that aims to maximize the transformed signal re-
gions while minimizing the transformation error, minimizing the parameter estimation
bias.
4. A nonlinear extension for the linear approach, allowing the application of the proposed
linear method to arrays with an arbitrary number of dimensions.
5. Two nonlinear array interpolation methods. The nonlinear approaches are suitable for
dealing with arrays with highly distorted responses or improper geometries.
6. The performance of the proposed methods is tested using real antenna measurements,
validating the proposed methods under real scenarios.
1.2 Motivation
Sensor arrays have been applied in various fields of modern electrical engineering [59].
From up and coming applications such as massive Multiple Input Multiple Output (MIMO)
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[62] to microphone arrays capable, for instance, of detecting and separating multiple sound
sources or playing individual songs depending on the seat of a car [103]. The mathematical
tools provided by array signal processing together with the evolution of electronic circuitry
have made such applications a reality. The problem of parameter estimation is of major in-
terest in the field of array signal processing. Among the parameters that can be estimated, the
direction of arrival (DOA) of an electromagnetic wave received at the array has experienced
significant attention. The parameters to be estimated are those related to the received wave
signals, spatial parameters such as direction of arrival (DOA) and direction of departure
(DOD), temporal parameters such as time delay of arrival (TDOA). Moreover, frequency
parameters such as Doppler shift can be estimated by fusing together the data received at
various antennas and using a preexisting knowledge such as the geometry in which the an-
tennas are organized and their responses to signals arriving with different center frequencies
or from different directions.
Among the parameters that can be estimated, the DOA has received particular interest.
Once one has knowledge of the DOAs of the received signal the received signals may be
spatially filtered, i.e., the desired signal with a known DOA can be effectively separated
from signals with other direction by using beamforming techniques. This spatial filtering
is analogous to bandpass filtering in time domain. The DOAs are also one of the main
parameters of radio detection and ranging (RADAR) systems as the one proposed as a precise
radio altimeter in [53] and are specially crucial in electronic warfare.
The DOA estimation problem with antenna arrays can be seen in Figure 1.1. Note that
the Figure presents a planar wavefront. Thus, it assumes that the transmitter is located in the
far-field and that the dimensions of the array are sufficiently small for the spherical surface
of the propagating signal to be approximated as a plane. Furthermore, it also assumes that
the received wave is narrowband, usually represented by a single tonal wave in the literature.
The array shown in this figure is known as a uniform linear array (ULA) and has certain
properties are assumed for it given the far-field and narrowband assumption. For a signal
with a given DOA there is an exact and unique phase difference between the signals received
by two consecutive antennas, i.e, there is no ambiguity with respect to the DOA. Thus, for
this kind of arrays, if there is only one signal, one can estimate the DOA by looking only at
this phase difference.
Although precise DOA estimation is possible in arrays of arbitrary response by employ-
ing the very computationally demanding classical maximum likelihood (ML) method [84,85]
or its extensions such as the expectation maximization (EM) [32, 77, 79, 82] or the space al-
ternating generalized expectation maximization (SAGE) [33,38], these extensions cannot be
guaranteed to converge to its local maxima, requiring a good initialization of the parameters,
and can be very computationally demanding as the number of wavefronts with parameters
to be estimated can be quite high [19]. Another alternative for DOA estimation in arbitrary
array geometries is the conventional beamformer [4], this method requires a peak search and











Figura 1.1: Signal with DOA θ impinging on a uniform linear array (ULA), whose the
antenna space is ∆
is present at the array. An improvement over the conventional beamformer is the Capon min-
imum variance distortionless response (Capon-MVDR) [16]. This method offers increased
resolution when compared with the traditional beamformer but suffers in the presence of
highly correlated wavefronts scenarios and requires a peak search. The Multiple SIgnal
Classification (MUSIC) [93] algorithm is a subspace based algorithm that can be applied
with arrays of arbitrary response and also requires a peak search.
In contrast to ML and peak search based methods, there are also, in the literature, a
vast number of algorithms that are either closed-form or require very few iterations. Exam-
ples of such techniques are the Iterative Quadratic Maximum Likelihood (IQML) [10], Root
Weighted Subspace Fitting (Root-WSF) [99] and Root-MUSIC [3] methods. However, all of
these methods rely on a Vandermonde or left centro-hermitian array response. Left centro-
hermitian matrices are defined in Appendix A. Spatial Smoothing (SPS) [37] and Forward
Backward Averaging (FBA) [88] also require Vandermonde and centro-hermitian array re-
sponses, respectively. These techniques enable the application of precise closed form DOA
estimation methods and precise model order estimation (estimation of the number of im-
pinging wavefronts) in the presence of highly correlated or even coherent signals. Another
important DOA estimation technique is the Estimation of Signal Parameters via Rotational
Invariance (ESPRIT) algorithm [91], this technique requires a shift-invariant array response.
Shift-invariance is a less demanding requirement of the array response compared to a Van-
dermonde or left centro-hermitian response. This is less demanding when compared to a
Vandermonde or left centro-hermitian response. Table 1.1 presents a summary of the DOA
estimation methods mentioned.
Arrays that have Vandermonde and left centro-hermitian responses are very hard to
achieve in real antenna array implementations. Mutual coupling of the antennas, positioning
errors in antennas, material tolerances, hardware biases, and the surrounding environment
of the array affect the response of individual antennas and, thus, of the antenna array. To
deal with such imperfections, a mapping between the real and desired virtual array response
can be created, and the received data can then be interpolated into this virtual array. Array
interpolation can be performed in either a linear or nonlinear fashion. This mapping is com-
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Family Methods
Maximum Likelihood Classical ML [84, 85]
EM [32, 77, 79, 82]
SAGE [33, 38]
IQML [10]
Beamformers Classical beamformer [4]
CAPON-MVDR [16]




Tabela 1.1: Summary of DOA estimation methods, dividing into three families: maximum
likelihood (ML), beamformers, and subspace methods
puted by obtaining a mapping/transformation capable of transforming the array as depicted
in Figure 1.2.
Figura 1.2: On the left side there is real data from an antenna array, while on the right side
the data transformed by the transformation matrix B
In general, when the response of the real array is relatively similar to the desired re-
sponse, linear interpolation is capable of obtaining good results. However, if the real re-
sponse strongly differs from the desired virtual response, a nonlinear interpolation method
usually becomes necessary. Another application of the array interpolation technique can be
seen in [61] where the Vandermonde Invariance Transformation (VIT) was developed. The
VIT does not try to address the physical imperfections of the array response but instead
transforms the response of an array with a uniform Vandermonde response into one with a
nonuniform phase response. The VIT provides a noise shaping effect by lowering the noise
power over a desired angular region and allowing a more precise DOA estimation at the cost
an of increased computational load.
Bronez [11] first presented a solution for mapping real imperfect array responses into
precise and desired responses, and he has called such mapping array interpolation. The pre-
sented schemes rely on dividing the field of view of the array response into smaller angular
regions, called sectors. For each of these sectors, a transformation matrix is calculated using
the empirical knowledge of the true array response. This is called sector-by-sector array in-
terpolation. The larger the region transformed the larger the bias introduced becomes due to
transformation imprecision. Friedlander and Weiss [40] extended sector-by-sector array in-
terpolation to include FBA, SPS, and DOA estimation algorithms such as Root-MUSIC [39].
Bühren et al. [13] presented a design metric for the virtual array seeking to preserve the di-
rectional characteristics of the true array. Bühren et al. [12] and Weiss and Gavish [93]
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presented methods for array interpolation that allow the application of ESPRIT for DOA
estimation. All of these interpolation methods are performed on by sector-by-sector basis,
dividing the entire field of view of the array and performing multiple DOA estimations, one
for each sector.
When performing array interpolation for a sector there is no guarantee with respect to
what happens with signals received from outside the angular region for which the transforma-
tion matrix was derived (out-of-sector signals). If the out-of-sector signal is correlated with
any possible in-sector signal, a large bias in the DOA estimation is introduced. Pesavento
et al. [87] proposed a method for filtering out of sector signals using cone programming. A
similar approach was used by Lau et al. [63, 64] where correlated out-of-sector signals were
addressed by filtering out the out-of-sector signals.
More recently, array interpolation has been applied to more specific scenarios. Liu et
at. [68] extended the concept of linear array interpolation to coprime arrays allowing for
better identifiability of received signals. Hosseini and Sebt [52] applied the concept of linear
array interpolation to sparse arrays by selecting virtual arrays as small as possible while
retaining the aperture of the original sparse array.
This work proposes an adaptive single sector selection method aiming to circumvent
the problem of out-of-sector signals by interpolating all regions of the array where power
is received using a single transformation. This work presents an alternative for applying
ESPRIT with FBA and SPS, relying on a signal adaptive sector construction and discretiza-
tion and extended the method to the multidimensional case. The proposed method prevents
out-of-sector problems by building a single sector using a signal adaptive approach while
also bounding the transformation error. This, however, can lead to large sectors and, in the
case of a small number of antennas, this will lead to larger transformation errors and DOA
estimation biases. To deal with these limitations, the work at hand also presents a novel pre-
processing step used for sector discretization based on PCA and derives a novel concept from
the UT [73]. Furthermore, this work extends the concepts of linear interpolation and sector
selection to the muldimensional case, allowing the application of the proposed methods is
arrays and data models with an arbitrary number of dimensions.
This work proposes a novel nonlinear interpolation approach using MARS. The proposed
approach is capable of interpolating arrays with a limited number of antennas and very dis-
torted responses while keeping the DOA estimation bias low, heavily outperforming array
linear interpolation methods. This performance improvement comes at the cost of increased
computational cost. This work extends the MARS with advanced sector discretization meth-
ods that lead to a better performance and lower complexity. Furthermore, a more detailed
mathematical description of the MARS method is presented. Expanding on the topic of non-
linear interpolation, the work at hand additionally presents an novel interpolation approach
based on GRNNs. The proposed method is capable of achieving a performance similar to
that of MARS in certain SNR regimes at a lower computational cost compared to the MARS
based method.
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In summary, this work extends the concepts of array interpolation presented in previous
research to explore the concepts of statistical significant sector discretization and nonlin-
ear interpolation. Previous research focused on concepts for sector-by-sector processing,
whereas this work aims to use a single unified sector discretized in a statistically significant
manner. Moreover, this work develops novel nonlinear methods for array interpolation and
presents a method suitable for real-time implementations capable of providing better perfor-
mance than linear interpolation methods previously derived in the literature.
The results of the proposed discretization and interpolation methods are assessed via a
set of studies considering measured responses obtained from a real physical system. The
results show that all the proposed methods significantly improve DOA estimation consider-
ing a physical system and its inherent imperfections. Furthermore, this work analyses the
performance of the proposed interpolation methods when measurements of the true array re-
sponse are not available and only simulated responses for building the interpolation models
are available.
1.3 Data Model
This model considers a set of L wavefronts impinging onto a linear antenna array com-
posed of M antennas. Figure 1.3 shows a graphical representation of the linear array. Con-
sidering the antenna elements are placed along the y-axis, the array geometry can be used to
estimate the azimuth angle θ. For arrays composed of isotropic antennas, the elevation an-
gle φ would have no influence on the antenna response, however, this work considers arrays
with imperfect responses that have varying amplitude and phase responses of the different
elements of the array with respect to the elevation angle of the received signals.
The received baseband signal at the array output can be expressed in matrix form as
X = AS + N ∈ CM×N , (1.1)
where S ∈ CL×N is the matrix containing the N symbols transmitted by each of the L
sources, N ∈ CM×N is the noise matrix with its entries drawn from CN (0, σ2n), and
A = [a(θ1, φ1), a(θ2, φ2), ..., a(θL, φL)] ∈ CM×L, (1.2)
where θi and φi are the azimuth and elevation angles of the i−th signal, and a(θi, φi) ∈
CM×1 is the antenna array response.
The received signal covariance matrix RXX ∈ CM×M is given by






Figura 1.3: Graphical representation of a linear array
where ()H stands for the conjugate transpose, and
RSS =










2,Lσ2σL · · · σ2L
 , (1.4)
where σ2i is the power of the i−th signal and γi,i′ ∈ C, |γi,i′| ≤ 1 is the cross-correlation
coefficient between signals i and i′with i 6= i′. RNN ∈ CM×M the spatial covariance matrix
of the noise. In case the entries of the noise matrix are drawn from CN (0, σ2n), RNN = IMσ2n
, where IM denotes an M ×M identity matrix.




∈ CM×M . (1.5)
1.4 Preliminaries
In this section some important concepts used throughout the chapter are explained. Sub-
sections 1.4.1 and 1.4.2 present a brief overview of the FBA and SPS algorithms. The
problem of model order selection is detailed in subsection 1.4.3. The ESPRIT parameter
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estimation algorithm is shown in subsection 1.4.4. Finally, subsection 1.4.5 explains the
vandermonde invariance transformation (VIT).
1.4.1 Forward Backward Averaging (FBA)
In the case where only two highly correlated or coherent sources are present the FBA [88]
is capable of decorrelating the signals and allowing the application of subspace based meth-
ods. For an uniform linear array (ULA) or uniform rectangular array (URA) the steering
vectors remain invariant, up to scaling, if their elements are reversed and complex conju-
gated. Let Q ∈ ZM×M by an exchange matrix with ones on its anti-diagonal and zeros
elsewhere as defined in (4). Then, for a M element ULA it holds that
QA* = A. (1.6)




















The results is that the matrix RSS + R∗SS = 2<(RSS) is composed of purely real numbers,
that is, if the correlation coefficient between the signals is given by a purely imaginary num-
ber then the FBA offers maximum decorrelation, if, however, the correlation coefficient is
given only by a real number, then the FBA offers no improvement regarding signal decorre-
lation. FBA can also be used with the sole purpose of improving the variance of the estimates
by virtually doubling the number of available samples without resulting in noise correlation.
1.4.2 Spatial Smoothing (SPS)
In scenarios where more than two highly correlated sources are present the FBA alone
cannot restore the full rank of the signal covariance matrix by itself and thus another solu-
tion is necessary. SPS was first presented as a heuristic solution in [108] and extended to
signal processing in [37]. The idea behind Spatial Smoothing is to split a uniform array into
multiple overlapping subarrays as shown in Figure 1.4, the steering vectors of the subarrays
are again assumed to be identical up to scaling. Therefore, the covariance matrices of each
subarray can be averaged.
Spatial Smoothing induces a random phase modulation that tends to decorrelate the sig-
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Figura 1.4: Example of SPS subarrays









where Jv is an appropriate selection matrix to select the signals of the respective subarray.
The rank of the SPS covariance matrix can be shown to increase by 1 with probability
1 [21] for each additional subarray used until it reaches the maximum rank of L. SPS how-
ever comes at the cost of reducing array aperture, since the subarrays are composed of less
antennas than the original full array.
More details on FBA and SPS can be found in Appendix B.
1.4.3 Model Order Selection
Model order selection is selecting the optimal trade-off between model resolution and
its statistical reliability. In the specific case of this work, model order selection is mostly
employed to select the eigenvectors of the signal covariance matrix that account for most of
its power, each of these eigenvectors, in turn, represents the statistics of a received signal.
Therefore, in this work, model order selection is mostly used to estimate the number of
signals received at the antenna array. This is done by analyzing the profile of the eigenvalues
of the signal covariance matrix and looking for a big gap that should separate the eigenvalues
related to the signal from the ones related to the noise subspace. If the signals are highly
correlated a single eigenvalue can be related to two or more signals, leading to a biased
estimation. For this reason, FBA and SPS must be applied in such cases.
Figure 1.5 presents the example of an eigenvalue profile of two incoming signals af-
ter FBA and SPS have been applied. The SNR in this case is 30 dB and eight antennas
are used. Note, that visually identifying the model order is very difficult. To address this
problem, techniques that were originally developed for model fitting of statistical models
were extended to detecting the number of signals impinging over an antenna array. Model
order selection schemes such as the Akaike information criterion (AIC) and the minimum
description length (MDL) methods [104] and more recently the RADOI [89] are capable of
properly detecting the number of received signals in the eigenvalue profile as shown in Fig-
13






Figura 1.5: Eigenvalue profile: eigenvalue index versus eingenvalue
ure 1.5. However, this is only possible after FBA and SPS. For multidimensional problems
more accurate methods such as [24], [27] can be used.
1.4.4 Estimation of Signal Parameters via Rotational Invariance Tech-
niques (ESPRIT)
Once the number of signals has been estimated and with the FBA-SPS covariance ma-
trix at hand a joint estimation of the DOAs of all the incoming signals can be performed.
This work opts to use the estimation of parameters via rotational invariance techniques (ES-
PRIT) method [91] since it is a closed form algorithm that can be very easily extended to
multidimensional scenarios [47]. It is important to highlight that the current state of array
interpolation in the literature [12] states that ESPRIT cannot be employed with a transfor-
mation matrix calculated as shown previously in this work.
The ESPRIT parameter estimation technique is based on subspace decomposition. Ma-
trix subspace decomposition is usually done by applying the Singular Value Decomposition
(SVD). The SVD of the matrix X∈ CM×N is given by
X = UΣVH, (1.10)
where U ∈ CM×M and VN×N are unitary matrices called the left-singular vectors and right-
singular vectors of X and Σ ∈ CM×N is pseudo diagonal matrix containing the singular
values of X. The signal subspace ES ∈ CM×Lˆ of X can be constructed by selecting only the
singular vectors related to the Lˆ largest singular values, the remaining singular vectors form
the noise subspace EN ∈ CM×M−Lˆ of X.
Equivalently eigenvalue decomposition can be applied on the auto correlation matrix
RˆXX of X spanning the same subspace
RˆXX = EΛE
−1, (1.11)
where E ∈ CM×M and Λ ∈ CM×M contains the eigenvectors and eigenvalues of RXX.
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The eigenvectors related to the Lˆ largest eigenvalues span the same signal subspace ES of
the single value decomposition. The same holds for the noise subspace of the EVD and left
singular vectors of the SVD, EN .
This classic eigendecomposition is suitable when the noise received at the antenna array
is spatially white, since, in the case at hand, a transformation is applied to the data, even if
the received noise was originally white it turns in colored noise. To deal with colored noise
the generalized eigenvalue decomposition (GEVD) can be used to take the noise correlation
into account, the GEVD of the matrix pair R¯XX, R¯NN is given by
R¯XXΓ¯ = R¯NNΓ¯Λ, (1.12)
where E ∈ CM×M is a matrix containing the generalized eigenvectors and Λ ∈ RM×M is a
matrix containing the generalized eigenvalues in its diagonal. Notice that this decomposition
is the same as the EVD (1.11) for R¯NN = I. The subspace Γ¯S ∈ CM×Lˆ is formed selecting
the generalized eigenvectors related to the Lˆ largest generalized eigenvalues. This subspace,
however, does not span the same column subspace as the original steering matrix, and needs
to be reprojected onto the original manifold subspace or dewhitened. This can be done by
Γs = R¯NNΓ¯s. (1.13)
With this subspace estimate at hand the Total Least Squares (TLS) ESPRIT [91] is applied.
Two subsets of the signal subspace that are related trough the shift invariance property need
to be selected.
Let Γ1 and Γ2 represent the subspace subsets selected as previously mentioned. A matrix







Performing an eigendecomposition of Γ1,2 and ordering its eigenvalues in the decreasing















The parameters in Φ can represent a phase delay respective to a DOA if DOAs are being
estimated, or can represent the ratio of the strength at which a signal appears in the different
polarizations.
For multidimensional arrays another option is to employ methods based on the parallel
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factor analysis (PARAFAC) decomposition such as [29], [28] instead of the ESPRIT.
1.4.5 Vandermonde Invariance Transformation (VIT)
Finally, once the first set of estimates has been obtained the VIT can be applied, this
transformation aims to shape the noise away from the regions where the signal is arriving
in order to obtain improved estimates [61] . The VIT is an array interpolation approach
that transforms a vandermonde system with a response linear with respect to the angle of
arrival into an also vandermonde system with a highly nonlinear response with respect to the
angle of arrival. The VIT promotes a nonlinear transformation with respect to the selected
spatial frequency µ(θ). Let u = [1, ejµ(θ), . . . , ejµ(θ)(M−1)], the VIT performs the following
transformation









r and ν are design parameters that can be chosen considering a compromise between the
level of noise suppression desired around µ and the linearity of the output.
The VIT can be used to apply a phase attenuation to the dataset, which in turn shapes
the noise, reducing the power of the noise in the region near µ(θ) and increasing it over its
vicinity. Thus, the VIT needs to be applied angle wise, i.e, a set of initial estimates of the
angles θ is used to calculate a VIT centered over the given angles, and a second estimate
is performed. This second estimation yields and offset θoffset with respect to the original θ,
giving the final estimation θVIT = θ + θoffset. Due to the mentioned noise shaping, this final
estimation offers increased precision, but comes at the cost of transforming the dataset and
applying the chosen DOA estimation method Lˆ times.
The VIT can be interpreted as a zoom, similar to an optical zoom, with the first estimates
a zoom can be used on the regions of the manifold where signal has been estimated to arrive.
The region can be inspected with the zoom effect to detect any imprecisions from the first
estimate. The increased performance comes at the cost of Lˆ extra DOA estimations.
1.5 Array Interpolation
Arrays can be interpolated by means of a one-to-one mapping given by
f : AS → A¯S , (1.18)
where S is a sector. It is worth noting that even if an array has the required geometry for the
usage of a certain array processing technique, its response may not adhere to an underlying
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assumed mathematical model. Therefore, in such cases, geometrically well behaved arrays
may need to be interpolated to allow the application of the desired technique.
Definition 1. A sector S is a finite and countable set of 2-tuples (pairs) of angles (θ, φ)
containing all the combinations of azimuth and elevation angles representing a region of the
field of view of the array. The sector S defines the column space of AS and A¯S .
AS ∈ CM×|S| is the array response matrix formed out of the array response vectors
a(θ, φ) ∈ CM×1 of the angles given by the elements of S. AS contains the true array
response of the physical system, which may not possess important properties such as being
left centro-hermitian or Vandermonde. A¯S ∈ CM ′×|S| is the interpolated version of AS with
columns a¯(θ, φ) ∈ CM ′×1 being the array response of the so-called virtual or desired array,
having all the properties necessary for posterior processing. |S| is the cardinality of the set
S, i.e. the number of elements in the set.
Definition 2. The mapping f is said to be array size preserving if M = M ′.
Definition 3. The mapping f is said to be geometry preserving if it is size preserving and if
the underlying array geometry for the true and virtual array is equivalent.
This work limits itself to mappings of linear planar arrays that are size and geometry
preserving, as given in Definitions 2 and 3, respectively.
Linear array interpolation is usually done using a least squares approach. The problem is
set up as finding a transformation matrix B that is given by
BAS = A¯S . (1.19)
The snapshot matrix X can be transformed by multiplying it from the left-hand side with
the transform matrix B, which is equivalent to applying a linear model for each of the out-
puts of the virtual antenna array. Therefore, in linear array interpolation f is given by the
transformation matrix B.
This model is usually not capable of transforming the response perfectly across the entire
field of view except for the case where a large number of antenna elements is present or a very
small sector is used. Large transformation errors often result in a large bias on the final DOA
estimation, thus, usually, the response region is divided into a set of regions called sectors,
and a different transform matrix is set up for each sector (sector-by-sector processing).
Nonlinear interpolation is an alternative to the linear approach capable of providing better
accuracy under more challenging scenarios at the cost of increased complexity. In nonlinear
interpolation, the mapping f is given by a nonlinear function, such that
f(v + βq) 6= f(v) + βf(q) (1.20)
for some v, q and β.
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1.6 Classical Interpolation
The SPS and FBA methods shown for decorrelating signals are limited to arrays being
Vandermode and/or left centro-hermitian. As mentioned previously such geometries are
hard to achieve in real implementations due to problems such as space limitation or the non
linearity of the antenna lobes with respect to the DOA of received waves. Also, important
subspace DOA estimation methods such as the Root-MUSIC [3] rely on the ULA geometry
and although the ESPRIT [91] requires only the shift invariance property, in the literature
most authors apply ESPRIT in either a ULA or URA. Thus, to allow the application of
such methods is generic arrays some sort of data transformation needs to be used first. This
type of transformation of known in the literature are array interpolation or array mapping.
All the current approaches in the literature use this sector-by-sector processing, the works
in [39], [87] and [13] differ only by the way the matrix A¯ is set up. The linear approach to
array interpolation shown in (1.19) is equivalent to applying a linear model for each of the
outputs of the virtual antenna array. This linear model can be given
[y]m = [B]1,m [y]m + [B]2,m [y]m + . . .+ [B]M,m [y]m , (1.21)
where [·]i,j is the element of a matrix indexed by i and j, and m ∈ {1, . . .M}. In classical
array interpolation, since the receiver has no prior information about the DOA of the received
signals A and A¯ are constructed by dividing the field of view of the array into K continuous
regions, called sectors, with upper bound uk and lower bound lk. This is the sector-by-sector
approach. The region [lk, uk] is then discretized according to
Sk = [lk, lk + ∆, ..., uk −∆, uk], (1.22)
where ∆ is the angular resolution of the transformation. These angles are used to generate
the respective set of steering vectors and construct A and A¯ according to
ASk = [a(lk), a(lk + ∆), ..., a(uk −∆), a(uk)] ∈ CM×
uk−lk
∆ ,
A¯Sk = [a¯(lk), a¯(lk + ∆), ..., a¯(uk −∆), a¯(uk)] ∈ CM×
uk−lk
∆ ,
where M is the number of antennas, including their different polarizations, present at the
array. The transformation is usually not perfect since the transformation matrix B does not
have enough degrees of freedom to transform the entire discrete sector. B is obtained as the
best fit between the transformed response BASk and the desired response A¯Sk , this is done
by applying a least squares fit to the overdetermined systems yielding
B = A¯SkA
†
Sk ∈ CM×M , (1.23)
where (·)† is the pseudo inverse of the matrix. To access the precision of the transformation
the Frobenius norm of the errors matrix BASk − A¯Sk is compared with the Frobenius norm
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of the desired response steering matrix A¯Sk . The error of the transform is defined as
(Sk) =
∥∥A¯Sk −BASk∥∥F∥∥A¯Sk∥∥F ∈ R+. (1.24)
Large transformation errors will results in a large bias in the final DOA estimates. The trans-
formation error can, however, be kept as low as desired by making the sectors Sk smaller. It
is worth noting that for the sector-by-sector approach the transformation matrices can be cal-
culated off-line, since they do not rely on the received data, and just reused when necessary.
With B at hand the data can be transformed by
X¯ = BX. (1.25)









From (1.26) it is possible to note that the transformation matrix can instead be applied di-







Thus, although the transformation transforms A into A¯ as desired it changes the character-
istics of RNN. If the noise was previously white it becomes colored or, if the noise was
already colored, it changes its color. Since most of the methods in the literature assume that
RNN = σ
2
nI, i.e, white noise, the next step used in classical interpolation is a noise whitening








where R¯NN = BRNNBH. Different methods for array interpolation have been specially
developed in order to apply the ESPRIT algorithm [12, 106]. In these methods a different
transformation matrix is calculated for each of the shift invariant subarrays used in ESPRIT,
in this way the noise between each subarray is not correlated and ESPRIT can be directly
used, these methods, however, do not allow the application of FBA-SPS and thus are inca-
pable of being used in the presence of highly correlated signals.
The current state-of-the-art for applying array interpolation in highly correlated signals
is presented in [63, 64]. Normally, if the signals that fall out-of-sector are not correlated
with the in sector signals the influence of the out-of-sector signals in the processing posterior
to the transformation is not high. On the other hand, if a signal located out-of-sector is
correlated with an in sector signal, the posterior estimations can be gravely affected. These
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works try to keep the out-of-sector response under control by taking into account the response








w(θ, φ) ‖Ta(θ, φ)− v(θ, φ)a¯(θ, φ)‖2 dθ dφ, (1.29)
wherew(θ, φ) is an arbitrary weighting function and v(θ, φ) defines the DOA dependent gain
that shapes the array response, it should control the response of the array for out-of-sector
signals while leaving the response unaltered for signals within the sector. An optimal solution
would be to set v(θ, φ) as a rectangular function, setting its gain to zero to any DOA outside
of the sector and to 1 for the entire sector. This, however, would result in extremely large
transformation errors, specially due to the discontinuities found in the edges of the sector.
Another alternative is to shape v(θ, φ) as a root raised cosine function in θ and φ, allowing
the gain to roll off along the edges of the sector. By defining the sectors ∆θ = [−θ0, θ0] and
∆φ = [−φ0, φ0] the gain is given by (1.30).
This approach is capable of dealing with closely spaced and highly correlated out-of-
sector signals since it addresses the out-of-sector response. However, since this approach
transforms the entire field of view for each of the sectors used it introduces a large transfor-
mation bias in the final estimates.
1.7 Sector Selection and Discretization
Whatever array interpolation method is used, linear or nonlinear, the array response can
only be interpolated after sector detection/selection and sector discretization. The following
section presents a discussion on detection and selection of sectors of the field of view of the
antenna array and how to discretize the detected sectors.
Traditionally, the field of view of the array is divided into sectors that are small enough to
keep the interpolation bias bounded. These sectors can be made larger or smaller depending
on the accuracy desired for the interpolation. After the field of view is divided the sectors
are discretized uniformly using a fine grid and sector-by-sector interpolation is performed.
To avoid performing sector-by-sector interpolation this work uses a single combined sec-
tor containing all regions of the field of view of the array where significant power is received.
Considering that the response of the true array needs to be known to construct a transforma-
tion of the interpolation of the received signal, this response can be used to detect angular
regions where significant power is received in order to detect sectors adaptively. To this end,














2φ0−pi ), θ0 < |θ| ≤ (pi − θ0) or φ0 < |φ| ≤ (pi − φ0)
0, (pi − θ0) < |θ| ≤ pi or (pi − φ0) < |φ| ≤ pi
(1.30)
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where significant power is received. The beamformer yields the normalized power response
P (θ, φ) =
aH(θ, φ) RˆXX a(θ, φ)
aH(θ, φ) a(θ, φ)
∈ R. (1.30)
Since the beamformer is only a delay and sum approach it is not affected by signal correlation
and can provide low resolution estimates even in completely correlated signal environments.
Although one could argue for using weighted beamformers such as the CAPON-MVDR [16]
since this method offers increased resolution when compared the traditional beamformer it
suffers in the presence of highly correlated wavefronts and requires a matrix inversion, lead-
ing to a higher computational load. Therefore, this work employs the conventional beam-
former in this first step due to its robustness and simplicity.
Figure 1.6 shows an example of the real data output of (1.30) for a signal received at the
six element linear physical antenna array shown in Figure 1.17 with θ = 0◦, φ = 20◦, SNR
= 30 dB, and N = 10.






















Figura 1.6: P (θ, φ)
In physical systems, the result of (1.30) is discrete in θ and φ, and can be written as
P [z, v] = P (−90◦ + (z ·∆θ),−90◦ + (v ·∆φ)) = P (θ, φ), (1.31)
with z ∈ N0, v ∈ N0 , θ ∈ D∆θ , and φ ∈ D∆φ where
D∆θ = {−90◦,−90◦ + ∆θ, ..., 90◦ −∆θ, 90◦}, (1.32)
D∆φ = {−90◦,−90◦ + ∆φ, ..., 90◦ −∆φ, 90◦}. (1.33)
Here, ∆θ ∈ R+ and ∆φ ∈ R+ are the resolution of the azimuth and elevation angles of the
power response (1.30), respectively.
Figure 1.7 presents an example of the real data output of (1.31) when two signals are
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transmitted from (−5◦,0◦) and (30◦,−10◦), with SNR = 30 dB, and N = 10 at the physical
array shown in Figure 1.17. This normalized power response is scanned for sectors Sk , and
for each sector, the respective lower bounds θlk ∈ D∆θand φlk ∈ D∆φ , as well as the upper
bounds θuk ∈ D∆θand φuk ∈ D∆φ are defined as shown in Figure 1.7. A threshold ασ2n, with
α ∈ R+, defines a sector Sk considering the criterion P (θ, φ) ≥ ασ2n and k = 1, . . . , K . A
sector can be defined as
Sk = Θk × Φk = {(θ, φ)| θ ∈ Θk ∧ φ ∈ Φk}, (1.34)
where
Θk = {θ| θlk ≤ θ ≤ θuk} ⊆ D∆θ , (1.35)
Φk = {φ|φlk ≤ φ ≤ φuk} ⊆ D∆φ , (1.36)
and
∀K
k, k′ = 1
k 6= k′
Sk ∩ Sk′ = ∅. (1.37)
A combined sector can be defined as
S = S1 ∪ · · · ∪ Sk ∪ · · · ∪ SK ⊆ D∆θ ×D∆φ . (1.38)



























Figura 1.7: Selected sectors and example of sector bounds
Most array signal processing techniques assume the presence of isotropic elements.
However, in reality, the responses of antennas are never isotropic. Therefore, even for linear
arrays, the sectors have to be built taking into account the elevation angle in order to obtain
an accurate interpolation. However, for most linear antenna arrays with non-isotropic ele-
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ment responses, the resolution with which the elevation angle φ can be estimated is expected
to be very low (assuming isotropic elements it is not possible at all). Furthermore, for ele-
vation angles close to zenith, i.e. φ u 90◦, the angular resolution in azimuth is decreased.
This is expected even for arrays composed of perfectly isotropic antennas as there will be no
phase difference for different azimuth angles when elevation angles are close to zenith. This
is shown in Figure 1.6. The fact that there is a low angular resolution in elevation implies
that the response of the array is not heavily affected by changes in elevation angle. There-
fore, choosing a fixed elevation angle for the interpolation of a sector is often sufficient if the
chosen elevation angle is sufficiently close to the elevation angle of the received signal.
The proposed sector detection and selection technique can be directly applied to two-
dimensional arrays such as URAs. For such arrays, the elevation estimation will have a
greatly improved resolution. Moreover, for such arrays, it will often be beneficial to interpo-
late the response in elevation to allow high-resolution techniques to be applied.
Within each of the detected sectors Sk several nearly coherent and closely-spaced signals
could be received. Since these signals are represented by similar array responses, an inter-
polation considering this sector is efficient for all received signals. After interpolation, such
signals can be separated with techniques such as SPS and FBA, allowing the application of a
high-resolution DOA estimation method to jointly estimate the parameters of all the detected
signals. Thus, the separation of closely-spaced sources is only limited by the high-resolution
DOA estimation method and by the number of elements of the antenna array, but not by the
array interpolation itself.
To address cases where the noise floor is high a large α can be used. However, this means
that only large sectors are detected, at the cost of discarding smaller sectors that are related
to a signal component. On the other hand, smaller α means that smaller sectors are detected
but at the cost of allowing noise to be mistakenly detected as a sector. Selecting noise regions
as sectors will results in a smaller estimation bias than leaving regions with signal power out
of the transform. Therefore, for cases where the noise floor is high compared to the signal
strength, an α that sets the cutoff to be close to the noise floor is recommended.
For arrays where the response does not vary strongly with elevation, or for setups where
signals are received by the array at a given narrow set of elevation angles, φ can be fixed.
Thus, the output of (1.30) becomes one-dimensional, and the sector selection shown in Fig-
ure 1.7 can be simplified to a one-dimensional problem as shown in Figure 1.8.
In this case, the sectors Sk are defined only by their lower and upper bounds θlk and,
θuk respectively. Previous works on array interpolation created a discrete uniform set of
angles within each sector [11, 87]. Instead of using uniform sector discretization, the next
subsections present two different methods for sector discretization aiming to preserve the
statistical properties of the considered sectors Sk.
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Figura 1.8: Selected sectors and respective bounds for one-dimensional case
1.7.1 UT Discretization
The UT [54] is a transformation used to transform a continuous probability density func-
tion (PDF) into a discrete probability mass finction (PMF). The UT can be applied in array
interpolation to discretize the detected sectors in such a way that the statistical properties,
the moments, of the detected sectors are preserved in its discrete form. Thus, no statistical
information is lost, since a PDF can be fully represented by its moments as stated in the
following theorem.
Theorem 1. A probability density function can be entirely described by its moments.
Proof. A proof can be found in Appendix C.







1 + ...+ wk−1S
k
k−1 = E{rk}. (1.39)
where Sj are known as sigma points, wj are its respective weights, and r is the value assumed
by a continuous random variable r˜. From (1.39) it is clear that in order to preserve the
characteristics of r˜ up to the k-th moment, it is necessary to calculate k− 1 sigma points and
its weights by solving a nonlinear system of equations. Thus, there is a trade-off between
simplicity in the calculation and the accuracy of the representation of higher order moments.
The UT can be applied to an approximation of the concentrated loss function lc(X;θ,φ)
and thus the log-likelihood l(X;θ,φ) of the DOA estimation problem, which is derived in
the following theorem. The concentrated loss function lc(X;θ,φ) and the log-likelihood
l(X;θ,φ) of the DOA estimation problem at hand are defined in (D.1) and (D.4), and
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θ = [θ1, . . . , θd]
T, (1.40)
φ = [φ1, . . . , φd]
T. (1.41)
Theorem 2. The concentrated loss function lc(X;θ,φ) for a DOA estimation problem can
be approximated for each detected sector Sk by the normalized power response of the con-
ventional beamformer (1.30).
Proof. A proof can be found in Appendix D.
Following the approximation derived in Theorem 2 the concentrated loss function and
thus the log-likelihood with respect to each sector Sk can be considered as a separate PDF
each when applying the UT. In order to preserve the first and the second moment of the
approximated log-likelihood, the number of points are chosen to transform each detected
sector Sk must be larger or equal than 3. Under this constraint and under the assumption that
the input noise follows CN (0, σ2n), the respective PDF characteristics for each sector Sk are
mainly preserved. Figure 1.9 presents how the concentrated loss function lc(X;θ,φ) can
be represented using the UT for a linear array assuming uniform antenna responses of the
different antennas in elevation. A total transformation sector by concatenating all the sigma
points given by the UT for the detected sectors can be written as
AS = [a(S1), a(S2), ..., a(ST )] ∈ CM×T , (1.42)
where T is the total number of points used to discretize all the detected sectors.













Figura 1.9: UT of the approximated lc(X;θ,φ) for two sources
The proposed UT-based discretization is well suited for linear arrays that have a uni-
form response in elevation. The calculation of the sigma points St and weights ωt with
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t = 1, . . . , T of the UT transformation is computationally expensive. Therefore, calculating
multiple sets of points across multiple elevations may become infeasible depending on the
application and system at hand. The UT can be very useful also when applying linear inter-
polation, as it can be used to ensure that the least squares calculation of the transformation
matrix is a determined problem instead of an overdetermined one.
1.7.2 Principal Component Discretization
For most interpolation methods presented in the literature, the interpolated sectors are
discretized using a simple uniform discretization [11, 87]. The discretization is usually done
such that the discrete angles are closely spaced. Therefore, the steering vectors of such
closely spaced angles are highly correlated. This work proposes the application of principal
component analysis (PCA) to avoid problems caused by the correlation in predictors as well
as to minimize the computational load of the transformation.
Ideally, AS would be set up such that ASAHS = IM . However, as stated previously, this
is often not the case with ASAHS = RASAS 6= IM . PCA aims to find a matrix P such that
PAS = CS , (1.43)
where CSCHS = IM . P can be obtained by performing the eigendecomposition of RASAS
RASAS = EΣE
H, (1.44)
and setting P = E. The transformation can then be calculated with respect to the transformed
orthogonal dataset CS . The proposed PCA pre-processing can be used to create a better set
of predictor variables for the interpolation and to reduce the dimensionality of the problem
by excluding any eigenvectors associated to very small eigenvalues.
1.8 Linear Adaptive Array Interpolation
In the case of linear interpolation, the transformation bias is closely tied to the total size
of the transformed sector. While the UT and PCA discretization can minimize this problem,
they cannot fully mitigate it. Therefore, this thesis presents an iterative approach that seeks
to find out the maximum region of the field of view that can be transformed while keeping
the transformation error bounded by a value. It also distributes the calculated region with
respect to the power of each sector detected in the second step.
The first part of the next two steps is to calculate a weighting factor based on the power
of each detected sector. This weighting factor will be used to optimally distribute the trans-
formable region with respect to the received power, focusing the transformation on regions
with more power and aiming to leave the least significant power outside of the total trans-
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formed region. Considering a one dimensional beamformer output, a weighting factor for










As mentioned in Section 1.6, classical array interpolation methods in the literature divide
the array response into various sectors (sector-by-sector processing) in order to keep the error
(1.24) small. However, in this thesis a single transform matrix is used based on a combination
of the sectors detected in (1.30). In order to bound the error (S) a signal adaptive method
for calculating the maximum transform size is used based on the weights calculated in (1.45).
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Sk ∩ Sk¯ = ∅ ∀ k, k¯ ∈ [1, ..., K] and k 6= k¯, (1.47)
where Ξ ∈ R+ is the total transform size in degrees of all sectors. The combined sector is
given by
S = S1 ∪ S2 ∪ ... ∪ SK . (1.48)
Thus, S has a better resolution for the sectors Sk where more power is present (weighted by
ξk), i.e the transformation of the combined sector S is weighted towards the sectors Sk that
include more signal power as shown in Figure 1.10.
The problem of obtaining the transform matrix B is equivalent to solving a highly overde-
termined system, thus
|S| → ∞ ⇐⇒ (S)→∞. (1.49)
Thus, transforming the entire detected sectors may result in a very high transformation error
introducing a very large bias into the final DOA estimates. To address this problem an upper
bound to the transform error max needs to be defined and a search can be performed to find
the maximum transform size covering the detected sectors that is still within the error upper
bound. The problem of finding the maximum Ξ with respect to max can be written as the
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subject to (S) ≤ max (1.51)
Ξ ≤ Ξmax =
K∑
k=1
|θuk − θlk| (1.52)
Ξ ≥ Ξmin = M∆. (1.53)
The problem in (1.50), (1.51), (1.52), (1.53) can efficiently be solved using a bisection search
method, since once all µw and ξw have been defined, the error function increases monoton-
ically for Ξ > Ξmin, as illustrated in Figure 1.11. (S) is greatly affected if the calculation
of B is either a heavily overdetermined or an underdetermined system. Therefore, Ξmin is
defined to ensure monotonicity of the problem given in (1.50).
In summation these two steps consist of calculating a set of transform matrices according
to the weights given by (1.45) and looking for the maximum transform region that still yields
a transformation errors bounded by max.
1.8.1 Data Transformation and Model Order Selection
Once all µk and ξk as well as Ξ have been defined the final transformation matrix can be
calculated. In order to obtain further insight into the calculation of the transformation matrix
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Figura 1.11: Transformation error with respect to combined sector size











From (1.54) further insight into the calculation of the transformation matrix is available. The
transformation matrix calculation can be seen as the transformation of the cross covariance
between the real and desired array responses into the covariance of the desired array response
if no errors are assumed. However, the desired array response covariance will be corrupted
by the noise present in the measurements, thus, taking such errors into account (1.54) can be
rewritten as
B = RA¯SAS (RASAS + BRNNB
H)−1. (1.55)
The noise present after transformation is colored by the transformation itself, therefore, the
calculation of B will depend on B itself. To solve this problem an iterative approach can be
used, B can be initialized using (1.23) and a new B can be obtained using this estimate, after




for i ≥ 1




repeat until convergence (1.56)
Since AS is formed of closely spaced angular responses its column vectors are highly
correlated, this high correlation leads to a suboptimal transformation. Thus, one can obtain
a more statistically significant B by performing a reduced rank (RR) projection [90] that
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takes into account only the principal components of AS . Performing the singular value
decomposition (SVD)
B(AS + Υ) = UDVH, (1.57)
the singularvectors of U related to the r largest singularvalues are selected forming Ur ∈
CM×r and the reduced rank Br is given by the orthogonal projection
Br = (UrU
H
r )B ∈ CM×M . (1.58)
r can be selected using a model order selection scheme such as the RADOI [89].










where (·)∗ stands for the complex conjugation. While W can be chosen a priori it can also
be adaptively chosen as to minimized the loss of effective array aperture while achieving a
good estimate of L. The model order estimation method is given by MOE(R¯XX(W )) = Lˆ.
Therefore the following problem must be solved








Figure 1.12 shows an example of selecting the optimal number of subarrays. After the maxi-
mum model order has been detected, increasing the number of subarrays offers no additional
separation, since not extra signal was detected, and comes at the cost of sacrificing antenna
aperture.

















Figura 1.12: Example of estimated model order versus number of subarrays
It is important to notice that the estimated number of impinging signals Lˆ can be differ-
31
ent from the number of sectors detected in (1.30). Each of the detected sectors Sk can be
formed by a set of nearly coherent signals that now can be efficiently separated with (1.60)
allowing the application of a high resolution DOA estimation method to jointly estimate the
parameters of all the detected signals.
Its important to highlight now that if a ML method [84, 85] or its extensions such as the
EM [32,77,79,82] or SAGE [33,38] would be chosen for estimating the direction of arrival of
the received signals the model order would have to be estimated first, and to do so, in highly
correlated signal environments, FBA and SPS need to be applied since model order selection
schemes rely on the analysis of the profile of the eigen or singular values. In practice, this
means that even if a parametric ML method was to be used the steps taken so far into the
algorithm would still need to be taken. Therefore, no claims of increased complexity can be
made, up to this point, when the proposed DOA estimation algorithm is compared to a ML
algorithm and the presented steps of the proposed algorithm can be viewed as a separate part
that can be applied to use ML methods in highly correlated signals, arbitrary geometry array
environments if one has no prior knowledge of the number of received signals.
1.8.2 Linear UT Array Interpolation
A linear transformation that takes into account the weights found by the UT for the sigma
points can be found by extending (1.23), resulting in
BUT = A¯SUT
√
diag{[w1, w2, ..., wM ]}AHSUT(
ASUT
√




where ASUT stands for the steering matrix of sector S after it has been discretized using the
UT.
Following the proposed approach the transformation error shown in (1.24) is zero. How-
ever, the proposed approach requires the calculation of multiple sigma points through solving
nonlinear systems of equations, and, for setting up such systems, it is necessary to obtain the
moments of the likelihoods truncated from the beamformer output. To simplify the applica-
tion and allow the proposed method to be used in real-time array interpolation for systems
with limited processing power, this work proposes calculating sigma points for common
sector likelihoods, that is, defining a set of sigma points for common expected beamformer
waveforms that a real-time system may use. Using this set of points the interpolation matrix
can be calculated and stored in a look-up-table as signals are detected by the system as the
interpolation can them be applied.
The transformation matrix calculation can be seen as the transformation of the weighted
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cross-covariance between the real and desired array responses into the covariance of the
desired array response. However, the desired array response covariance is corrupted by the
noise present in the measurements. The noise present after transformation is colored by the
transformation itself, therefore, the calculation of BUT will depend on BUT itself. To solve
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∈ CM×M , (1.62)
where B(0)UT can be initialized using a diagonal RNN with σ
2
n filling its diagonal. After that a
new iteration of B(p)UT is obtained using the previous value until convergence.
1.9 Multidimensional Linear Interpolation
This section extends the concepts of linear interpolation to arrays of two or more dimen-
sions.
1.9.1 Tensor Algebra Concepts
This section introduces the tensor algebra concepts of tensor unfolding and r-mode prod-
uct.
1.9.1.1 Tensor Unfolding
In order to operate with tensors using well-know linear algebra tools via the application
of tensor unfoldings. This operation transforms a tensor of dimension R > 2 into a matrix.
The r-mode unfolding of tensor A is denoted by
[A](r) ∈ CMr×(M1·M2·...·Mr−1·Mr+1·...·MR). (1.63)
[A](r) is a matrix containing the r-mode vectors or r fibers of tensor A along its rows. A
r-mode vector can be obtained by fixing the index of all dimensions other than r and varying
the index of the r-th dimension along its range.
The unfoldings of the tensor presented in Figure 1.13 are given by
[B](1) =
[
1 3 5 7












Figura 1.13: Tensor B ∈ R2×2×2
[B](2) =
[
1 2 5 6
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The r-mode product of a tensor A ∈ CM1×M2×...×Mr and a matrix D ∈ CL×Mr is denote
by
C = A×r D ∈ CM1×M2×...×L×...×Mr , (1.67)
which is equivalent to
[A×r D] = D · [A](r). (1.68)
Thus, the matrix D must have the same number of columns as the numbers of elements in
the r-th dimension of A.
1.9.2 Multidimensional Data Model
The data model consider d planar wavefronts are impinging on an antenna array contain-
ing M1 ×M2 × ... ×MR elements. The signal received at the m1,m2, . . .mR antenna at a











where si[n] is the complex symbol transmitted by the i-th source at time snapshot n,
nm1,m2,...mR,t is the zero mean circularly symmetric (ZMCS) white complex Gaussian noise
present at antenna m1,m2, . . .mR at time snapshot n. γm1,m2,...mR is an imperfection present
at the antenna m1,m2, . . .mR. µ
(r)
i represents the spatial frequency of the signal transmitted
by the i-th source over the r-th dimension, note that the spatial frequency can be mapped into
different parameters depending on the dimension. In case of spatial dimension, it is mapped
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into a direction of arrival, while for frequency and time dimensions it can be mapper into
time delay of arrival and Doppler shift, respectively.
For the received signal to have the PARAFAC structure its steering array must have
a Khatri-Rao structure as follows. Let Mr be the size of the r-th dimension, and M =∏R
r=1 Mr. A steering vector a
(r)
i containing the spatial frequencies relate to the i-th source







i · · · e(Mr−1)·j·µ(r)i
]T
. (1.70)
Therefore, an array steering vector for the i-th source can be written as
ai = a
(1)
i ⊗ a(2)i ⊗ . . .⊗ a(r)i ∈ CM×1, (1.71)












Finally, the total steering matrix of the d sources can be constructed in terms of Khatri-Rao
products of all array steering matrices of all dimensions.
A = A(1) A(2)  . . . A(r) ∈ CM×d. (1.73)
For the tensor notation, a PARAFAC steering tensor for each of the d signal sources can
be obtained by
Ai = a(1)i ◦ a(2)i ◦ . . . ◦ a(r)i ∈ CM1×M2×···×MR , (1.74)
where ◦ is the outer product. A total array steering tensor can be constructed by concatenat-
ing the individual steering tensor for each of the signal sources over the r + 1 dimension, as
it follows
A =[A1|R+1A2|R+1 . . . |R+1Ad] ∈ CM1×M2×···×MR×d. (1.75)
The |r operator represents the concatenation operation over the r-th dimension.
A non PARAFAC steering tensor can be written as
X = (A G)×R ST +N ,∈ CM1×M2×...×MR×N , (1.76)
here N ∈ CM1×M2×...×MR×N is the noise tensor and contains the noise samples interfer-




Array interpolation can be extended to the multidimensional case by considering the
multidimensional data model and rewriting (1.19) as
I ×1 A¯1 ×2 A¯2...×R A¯R = A×1 B1 ×2 B2...×R BR, (1.77)
where A¯r is the desired array response for the r-th dimension and Br is the transformation
matrix for the r-th dimension given by
Br = [A](r)A¯†r, (1.78)
where ()† stands for the Moore–Penrose pseudo-inverse. Note that in this case the original
arrayA has no PARAFAC structure, while the array after the interpolation has the PARAFAC
structure.
Similar to what is done in the matrix case, the power response is used to the detect sectors
for interpolation. The power response for dimension r is given by
P (µ(r)) =
∣∣∣∣∣w(r)H(µ(r))Rˆ(r)XXw(r)(µ(r))w(r)H(µ(r))w(r)(µ(r))
∣∣∣∣∣ ∈ R, (1.79)
where (·)H is the conjugate hermitian and Rˆ(r)XX is the spatial covariance matrix for dimension








[X ](r)[X ]H(r) ∈ CMr×Mr . (1.80)
Following the matrix approach, the output of (1.79) is scanned for K sectors, and for
each sector the respective lower bound l(r)k ∈ D∆ and upper bound u(r)k ∈ D∆, where k =
1, . . . , K, are defined done in the matrix case. If K sectors are detected, a detected sector
with bounds [l(r)k , u
(r)
k ] is said to be centred at
ck =






After the sectors are detected for each of the dimensions, they can be discretized and a
transformation can be calculated following the same steps presented for the one dimensional
case. After Br has been obtained for all the dimensions to be interpolated the received data
can be transformed by
X ×1 B1 ×2 B2 . . .×R BR. (1.82)
The transformation also affects the noise component, leading to coloured noise at the output.
This requires some sort of prewhitening to be applied prior to some DOA estimation algo-
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rithms. For prewhitening schemes, the reader may refer to [26] for the matrix case and [25]
for the tensor case.
Depending on the structure chosen for the interpolated array many different DOA estima-
tion methods can be applied. Multidimensional ESPRIT approaches such as [48] or methods
based on the PARAFAC decomposition such as [29], [28] can be used.
1.10 Nonlinear Array Interpolation
In this section two nonlinear alternatives to array interpolation, allowing the application
of FBA and SPS in highly correlated signal scenarios, are presented. Subsection 1.10.1
presents an interpolation approach based on the MARS regression method, allowing a model
to be created expressing nonlinear relationships between the true and the desired array re-
sponse. Subsection 1.10.2 shows an interpolation approach based on GRNNs, this approach
can be implemented in a parallel manner, making it a good candidate for array interpolation
under real-time constraints. For the nonlinear approaches sector selection and discretization
can be perform identically to when linear approaches are employed.
1.10.1 MARS based interpolation
This work proposes a nonlinear interpolation method based on the MARS technique. The
MARS regression approach is detailed in Appendix E. The proposed interpolation approach
builds a mapping that splits the real and imaginary parts of the response of each of the
antennas of the array, that is, a total of 2M MARS models are built to interpolate the array
response with respect to the combined sector S. Based on (E.4) this mapping can be written
as

































where cRlm and c
I
lm
are the weighting constants, FRlm and F
I
lm
are the basis functions and LRm
and LIm are the number of functions and weighting constants of each model. Furthermore,
<{a¯(θ, φ)} and={a¯(θ, φ)} denote the real and imaginary part of vector a¯(θ, φ), respectively.
Based on (E.6) the generalized cross-validation (GCV) for the backward pass (step used to
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where fRm and f
I
m are the real and imaginary part of the model for the m-th antenna, re-
spectively. Both <{GCV} and <{GCV} are used to avoid over-fitting, that is, to reduce
the complexity of the model created in order to avoid fitting of the noise or of measure-
ment errors of the array response. a¯[m](θ, φ) denotes the m-th element of the virtual array
response. To use this approach in an real-time system the models can be built in an initializa-
tion step. Sectors of interest for the application of the MARS interpolation can be selected





= f (x[n]) , (1.86)
where x[n] ∈ CM×1 is the n -th column of matrix X with n = 1, . . . , N .
In some cases, the antenna array will have a response which is similar enough to the
desired response in some of its field of view so that a linear approach yields good results.
Thus, the MARS approach can be used only on portions of the field of view where the real
response differs strongly from the desired one.
The MARS approach is especially useful for arrays with a small number of elements. For
linear approaches, the degrees of freedom of the linear approach are limited by the number
of antennas in the virtual array. It is possible to increase the degrees of freedom by creating
a virtual array with a larger number of antennas, however, this will lead to a transformation
matrix that is ill-conditioned and results in a large bias in the DOA estimates. The MARS
approach, on the other hand, can build as many hinge functions and relationships between
them as necessary.
1.10.2 GRNN based interpolation
GRNNs are a type of neural network used for general regression problems that are ex-
tended in this work for the problem of array interpolation. An overview of GRNNs is pre-
sented in Appendix F.
Classic interpolation relies on transforming an array response over the discrete set of
angles S. In linear array interpolation, the choice of points that belong to S is usually an
arbitrary one, based solely on the predefined sector bounds and the chosen angular resolu-
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tion. When applying a linear approach, angular resolution is usually chosen to be as high as
possible, thus, the set of points belonging to S is usually closely spaced. This is not neces-
sary when applying the GRNN since it is capable of interpolating between multiple sets of
training data. In fact, a dense set of training points will result in an increased computational
load while providing very little benefit to the overall accuracy of the GRNN based array
interpolation.
The neural network representing the real and imaginary parts of the array can be built by
























where σ2 is the smoothness parameter, and
ξ(θ, φ) = ||x[n]− a(θ, φ)||22. (1.90)
Once the data has been interpolated to the desired array structure, array signal processing
schemes such as FBA, SPS or ESPRIT can be applied. Differently, from other array in-
terpolation methods, there is no noise color introduced by the interpolation, therefore pre-
whitening is not necessary.
One of the advantages of applying GRNNs to array interpolation is that the sectors con-
sidered for transformation can be made very large while having a small effect on the accuracy
of the interpolation. As shown in (1.88, 1.89), in case the input resembles the data used for
the training in a certain region of the transformed sector, this data will have a larger weight.
On the other hand, if the input is distant from any region of the transformed sector, this region
will have very little influence on the output of the interpolation.
Therefore, with a GRNN it is possible to transform very large regions of the field of view
of the array without suffering from the same problems as the ones present in linear array
interpolation, where the transformation error grows as the transformed region grows. On the
other hand, transforming a large region using the GRNN will increase the computational cost
of the interpolation. As shown in Figure F.1 it is possible to implement the proposed GRNN
array interpolation in a parallel manner, leading to a faster interpolation. Thus, the proposed
GRNN array interpolation is a possible alternative for precise array interpolation in real-time
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applications.
1.11 Numerical Simulation Results
This section presents a performance assessment of the proposed multidimensional linear
approach in Subsection 1.11.1 and of the proposed adaptive linear and nonlinear approaches
in Subsection 1.11.2.
1.11.1 Multidimensional Linear Performance Results
In order to study the performance of the proposed multidimensional method a set of nu-
merical simulations is performed. Three signals impinge on a 8× 8 planar array. The spatial












). All three signals have a correlation coeffi-
cient of 0.8 with each other. As shown in (8) and in (11), the array response is corrupted by
inducing a random phase delay at each sensor element. In this section, a normal distribution
is assumed for these phase delays and the goal is to compensate these phase delays by ap-
plying the proposed multidimensional interpolation scheme. Additionally, an extra unknown
phase delay with standard deviation equal to 1
10
of the standard deviation of the known er-
rors is introduced. The proposed technique is compared to the results of an array with no
errors introduced (perfect array), to the interpolation method from Section 1.8 using a matrix
approach extending the optimization problem to two dimensions, and to the corrupted array
when no interpolation method is applied. For the matrix method, the transformation matrix
is calculated according to (1.54) taking into account [A](R+1) and A¯, that is, the total steering
matrices are used. The DOAs are estimated using the PARAFAC decomposition to estimate
the factors and the translation invariance for DOA estimation. Estimations are performed
using N = 100 and the final RMSE is the average with respect to 1000 Monte Carlo runs.
Figure 1.14 presents the results for phase errors following a normal distribution with
standard deviation of pi
20
radians. The results show that, for low SNRs where the noise is
the main source of bias, the proposed technique is able to provide results similar to those
obtained with a perfect array. However, the non interpolated array is subject to a constant
bias due to the phase delay present at the sensor elements.
Figure 1.15 presents the results for phase errors following a normal distribution with
standard deviation of pi
10
radians. The performance of the proposed interpolation method
with comparison to the perfect array worsens as the errors get larger. Also, it is noticeable
that the proposed method introduces a bias that saturates the accuracy of the estimation
approximately at the 5 dB mark. This bias is caused by the transformation error.
Finally, Figure 1.16 presents the results for phase errors following a normal distribution
with standard deviation of pi
5
radians. The performance of the proposed method worsens
considerably, as it becomes hard to compensate for the large phase errors introduced by each
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Figura 1.14: Results for a standard deviation of pi
20
radians



















Figura 1.15: Results for a standard deviation of pi
10
radians
sensor elements. However, the performance of the proposed method is still superior to the
estimation done without employing array interpolation.
In all simulations the proposed method outperformed its matrix counterpart. In the pro-
posed method, the interpolation matrices are calculated for each dimension in a independent
way. In the matrix approach, however, the dimensions are not decoupled and a total transfor-
mation matrix must be calculated taking into account all the permutations possible between
angular responses from each dimension. Thus, the calculation of this transformation matrix
is highly overdetermined resulting in a larger transformation error. Another advantage of
the proposed method is that the optimization problems are one dimensional, resulting in a
smaller computational load.
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Figura 1.16: Results for a standard deviation of pi
5
radians
1.11.2 Nonlinear Performance Results
The performance of the proposed algorithms is tested considering a manufactured 6× 1
linear antenna array shown in Figure 1.17 [15]. The single antennas are circularly polarized
dielectric resonator antennas (DRA) [14], exhibiting a strong miniaturization of the aper-
ture. The antennas are tuned to work at GPS L1 frequency band centered around 1575.42
MHz in standalone configuration. Once in the array, no attempt has been made to re-tune
them, in order to emphasize the mutual coupling effects and eventual degradation. This
6 × 1 linear array was especially designed for research on mutual coupling with adjustable
inter-element spacing of the 6 antennas. The small dimensions of the single antennas allow
to place them quite close to each other, up to a minimum distance of 30 mm (≈ 0.16λ at
L1 central frequency). The following simulations consider array responses of the manufac-
tured array measured in an anechoic chamber as well as array responses simulated using a
3D electromagnetic simulator (ANSYS HFSS). Thus, realistic assessment of the proposed
algorithms can be achieved considering measured and properly simulated array responses.
The simulations are performed considering the receiver has no previous knowledge of the
received signal. The combined sector is detected and discretized according to the methods
presented in Section 1.7. After discretization the combined sector is interpolated using the
linear and nonlinear methods proposed in Sections 1.7 and 1.10. The model order of the
interpolated data then is estimated by applying FBA and SPS adaptively and using RADOI
[89] as the model order estimation method following the procedure proposed in [72]. Once
model order is estimated the DOA estimates are obtained using TLS-ESPRIT [91].
For obtaining RˆXX N = 100 snapshots are used and the Root Mean Squared Error
(RMSE) is calculated with respect to 1000 Monte Carlo simulations. Two signals from
θ1 = 45
◦ and θ2 = 15◦ with σ21 = σ
2
2 = 1 and γ1,2 = 1 according to (1.4) are impinging on
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(θˆk1 − θ1)2 + (θˆk2 − θ2)2
)
, (1.91)
where θˆki is the estimate of θi at the k-th Monte Carlo run.












Figura 1.17: 6x1 antenna array: ANSYS HFSS model (left), prototype (right).
1.11.2.1 Performance of Nonlinear Methods With Measured Array Response Knowl-
edge
The first set of simulations studies the performance of the proposed methods using the
measured array response to build the interpolation models. Figure 1.18 presents the perfor-
mance of the discretization and interpolation methods proposed in this work when the array
is measured with 0.4 λ inter-element spacing. As a benchmark, the results achieved with
no interpolation, denoted as raw data in the figures, with the linear interpolation approach
from [72], and the Cramér–Rao lower bound (CRLB) [85] are presented. The results show
that, if no interpolation is applied, a constant bias is present for the DOA estimates even at
high SNRs. The linear approach is capable of providing a DOA estimation accuracy smaller
than one degree at positive SNRs. The proposed nonlinear approaches offer significantly im-
proved performance when compared to the linear approach. The MARS approach is shown
to benefit significantly from the UT discretization. This is expected as the UT discretization
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reduces the overall complexity and possible over-fitting of the MARS model, as the mapping
needs to consider only the statistically significant regions of the sector. The proposed GRNN
approach is shown to have a very similar performance when either PCA or the UT are used
as a discretization method. As the computational complexity of the PCA-based discretiza-
tion method is significantly smaller than that of the UT-based method, PCA becomes more
attractive when the GRNN method is used for interpolation.





















Figura 1.18: DOA estimation performance with 0.4 λ element separation
In the second set of simulations, presented in Figure 1.19, the inter-element spacing be-
tween is set to 0.2 λ. In this configuration the mutual coupling between antenna elements is
very strong and the radiation patterns are highly distorted when compared to isotropic pat-
terns. The difference in performance between the proposed nonlinear methods and the bench
mark linear method becomes more significant when compared to the 0.4 λ inter-element
spacing. This challenging scenario also highlights the performance difference between the
proposed discretization and interpolation methods. The performance of the MARS based
method with the UT pre-processing significantly outperforms its PCA variant.
1.11.2.2 Performance of Nonlinear Methods With Simulated Array Response Knowl-
edge
Obtaining the response of an antenna over its entire field of view with a fine enough
resolution for performing array interpolation requires a well equipped anechoic chamber. In
case such a chamber is not available, the interpolation can be done using a properly simulated
array response. With the next set of simulations the performance of the proposed methods
if the array response that is considered by the algorithms is not the true (measured) array
response but is derived from simulations using a 3D electromagnetic simulator (ANSYS
HFSS) is studied. The results shown in Figure 1.20 were obtained by setting the inter-
element spacing of the antennas to 0.4 λ. The simulation results of the array interpolation
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Figura 1.19: DOA estimation performance with 0.2 λ element separation
methods show that the performance of all methods is degraded by the imperfect knowledge
of the array response (simulated array response). Despite the decrease in performance, the
proposed methods are capable of achieving an accuracy of a tenth of a degree for moderate
SNRs.





















Figura 1.20: DOA estimation performance for model built with simulated data with 0.4 λ
element separation
Figure 1.21 presents the results of the simulations when the inter-element is 0.2 λ and the
model is built using a simulated array response. In this case the proposed PCA approaches
suffer heavy degradation. This is due to the fact that the principal components of the sim-
ulated array response do not represent the principal components of the true array response
(measured array response) well enough for building a proper model. In this scenario the
linear approach is not capable of providing an accuracy below one degree.
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Figura 1.21: DOA estimation performance for model built with simulated data with 0.2 λ
element separation
1.11.2.3 Failure Rate Performance after Nonlinear Interpolation
In the last set of simulations the failure rate of the TLS-ESPRIT used for DOA estimation
is studied. For this simulation a single signal is received by the array with θ = 80◦ and the
array has an inter-element spacing of 0.2 λ. Figure 1.22 compares the failure rates of non-
interpolated data with interpolated data using the UT-based discretization and the MARS
method. For these simulations TLS-ESPRIT is considered to fail if the eigendecomposition
of the solution for the shift invariance equation of TLS-ESPRIT yields complex eigenval-
ues. The simulations show that the proposed interpolation method is capable of significantly
reducing the failure rate of subspace based methods for regions near end-fire of the array.
























Figura 1.22: TLS-ESPRIT failure rate for 0.2 λ element separation
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1.12 Summary
This chapter presented multiple array interpolation algorithms with the goal of allowing
low bias DOA estimation to be performed.
The first step is to detect sectors of interest, to this end a method for signal adaptive
sector selection was presented. The proposed method scans the field of view of the array
to detect and determine the sectors of interest for interpolation. Once the sectors have been
detected they must be discretized before being transformed, in this chapter two alternatives
for sector discretization, relying on the UT and the PCA were presented. These discretization
methods are capable of discretizing the sector while maintaining the statistical integrity of
the transformed data.
An adaptive linear approach for array interpolation was presented, aiming at minimizing
the transformation bias with respect to the received signal. This approach was extended to
multilinear arrays of arbitrary dimensions.
Nonlinear approaches have also been presented for the cases where the real array re-
sponse deviates too heavily from the desired array response. A nonlinear interpolation
method based on the MARS regression was presented capable of achieving good perfor-
mance at moderate to high SNRs. A second nonlinear interpolation approach applying
GRNNs was presented, with a reduced computational complexity when compared to the
MARS method, the GRNN method was shown to provide the best performance under low
SNR scenarios.
The efficiency of the proposed methods was tested by means of numerical simulations
using a linear array with responses measured in an anechoic chamber as well as responses
simulated in a 3D electromagnetic simulator (ANSYS HFSS), tanking into account into ac-
count all realistic effects, such as mutual coupling between the elements, and non-perfect
radiation patterns. Furthermore, simulations were performed using real measured array pat-
terns, validating the performance of the proposed methods under real life conditions.
The methods were capable of accurate DOA estimation and reduced the estimation bias
when compared to a noninterpolated array. Linear estimation, while offering the worst per-
formance among the methods presented, has a very low complexity. Nonlinear estimation




Cooperative MIMO for Wireless Sensor
Networks
In this chapter the following research question is addressed:
Can array processing techniques be used to provide improved lifetime and communication
performance in wireless sensor network?
2.1 Overview and Contribution
The remainder of this section is organized as follows:
• Motivation: An introduction to wireless sensor networks and how the challenges they
face can be addressed using array processing is presented in this section.
• Wireless Sensor Networks Organization: This section presents a brief description
of the usual organization inside WSNs
• Cooperative MIMO: Here, the concept of Cooperative MIMO (C-MIMO) is detailed.
The mathematical model behind MIMO is addressed and the steps involved in per-
forming MIMO over a distributed set of devices are presented.
• Energy Analysis: In this section the energy consumption of single-hop, multi-hop
and C-MIMO communications is studied. The threshold for when to switch between
different communication techniques is derived to maximize the energy efficiency with
respect to the distance involved in the communication.
• Synchronization: Here, the critical problem of synchronization for a distributed
MIMO system is studied. The effects of synchronization errors in the performance
of MIMO transmissions is analysed. Two different methods for synchronization are
presented as detailed, allowing for different trade-offs between precision and compu-
tational complexity. The error propagation involved in the synchronization of nodes
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over multiple hops is also addressed. Finally, a closed formula for the minimum resyn-
chronization interval with respect to clock drift and symbol duration is derived.
• Adaptive C-MIMO Clustering: This section presents an approach for adaptively
forming C-MIMO communication clusters based on the distance involved in the com-
munication and on the energy reserves of neighbouring nodes. This approach seeks to
maximize the energy efficiency of communications in the network while keeping the
energy distribution between the nodes as even as possible.
The research contributions presented in this chapter are:
1. A study on the energy efficiency of C-MIMO with respect to multi and single-hop
communications, defining a threshold of selection between the multiple communica-
tion techniques.
2. An analysis on the impact of synchronization errors in distributed MIMO system with
respect to the symbol period and the size of the communication clusters involved.
3. A study on the propagation of synchronization errors inside a WSN, and from that
the derivation of a closed form expression regarding the resynchronization interval in
distributed MIMO systems that takes into account the symbol duration and the clock
drift of the nodes involved.
4. Two methods for synchronization for WSNs with different trade-offs between perfor-
mance and computational complexity.
5. An adaptive method for selecting the cluster size of C-MIMO transmissions capable
of maximizing energy efficiency and improve the homogeneity of the energy reserves
across the network.
2.2 Motivation
Recent advances in electronics and miniaturization have allowed the development of
small, low-powered and low-cost devices capable of small range communication, a lim-
ited amount of processing and of collecting data about its surroundings. Wireless sensor
networks (WSNs) are a collection of such devices, called nodes, organized in a cooperative
network environment. They possess various advantages over traditional sensor applications.
Due to their low cost and small size they can be deployed densely and randomly to moni-
tor a certain phenomenon. On the other hand, traditional sensors usually require extensive
planning in their deployment and, depending on the nature of the phenomenon to be sensed,
cannot be placed near it due to their high cost. WSNs are usually self-contained and capable
of organizing the network on the fly. Due to this characteristics, these networks are suitable
for deployment on harsh environments.
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WSN usage ranges from military applications, such as battlefield surveillance and target-
ing, to healthcare applications, such as portable automated drug infusion systems in hospi-
tals [1]. However, the extensive use of WSNs is still being hindered by the limited energy
budget available in the nodes that constitute the networks. Furthermore, since WSNs are
deployed even in harsh and hard-to-reach environments, replacing individual nodes, or their
batteries, is not always practical. Therefore, extensive research is being performed to maxi-
mize the energy efficiency of WSNs [34].
Solutions for minimizing energy consumption in WSNs have been proposed through dif-
ferent layers by analyzing energy efficiency for all the tasks involved in WSNs. Given that
communication is the most energy consuming task, diminishing the need for communica-
tion and increasing the efficiency of communication are the promising directions to achieve
WSNs with longer lifetime [80]. While many proposals focus on enhancing energy effi-
ciency in the network layer using energy efficient routing protocols [44, 50], some focus on
enhancing the communication efficiency by proposing energy efficient protocols for medium
access control (e.g., [18,66]). Other proposals consider energy aware processing approaches
for communication among sensor nodes in WSNs, as presented in [105], as well as the ap-
plication of alternative solutions within the physical layer [95, 96].
Multi-hop communication is a widely used technique to obtain improved energy effi-
ciency and to maximize network lifetime by spreading energy consumption over different
nodes [17]. Multi-hop techniques take advantage of the cooperative nature of WSNs in split-
ting the distance involved in communication by employing intermediary nodes to forward
data packets. Since free space loss is not linear, splitting the distance by using intermediary
nodes results in reduced power demand, thus minimizing transmission energy consumption.
Another proposal made by taking advantage of the cooperative nature of WSNs is the for-
mation of cooperative Multiple-Input Multiple-Output (C-MIMO) clusters [23]. The faster
data transmission rates achievable with C-MIMO system allow for interaction between fast-
moving mobile nodes and traditional static ones [74, 75]. C-MIMO also allows the appli-
cation of antenna array techniques such as beamforming or DOA estimation. The usage of
C-MIMO results in reduced hardware complexity on single nodes as it is not necessary to
employ multiple antennas and radios at a single node. Thus, it is possible to use C-MIMO
with no modifications to the hardware of existing sensor nodes. The complexity is trans-
ferred to the software, which is responsible for managing the communication involving a
large number of nodes.
Keeping in view the characteristics and advantages of C-MIMO, a number of problems
that come in the way of effectively implementing C-MIMO in WSNs are studied in this
thesis and solutions are proposed. The proposed solutions deal with problems that may
arise when implementing C-MIMO in WSNs, such as time synchronizing of sensor nodes,
routing for C-MIMO communication, adaptively forming C-MIMO clusters and analyzing
the energy efficiency of C-MIMO. This work aims at fostering implementation of C-MIMO
for different applications and presenting a performance analysis of C-MIMO for WSNs,
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considering relevant technical aspects. Furthermore, the energy efficiency of a C-MIMO
network, operating on top of the proposed framework, is studied based on realistic node
specifications.
2.3 Wireless Sensor Networks Organization
WSNs are at their very principle decentralized, ad hoc and self contained systems. De-
centralization, however, does not imply a lack of organization in WSNs, it refers only to the
capacity of the network to function properly in the event that any of its components cease
to function, i.e, the network does not depend on a single specific element to work. The ad
hoc capability implies that a new element can join the network and operate on it without any
prior configuration. Being self-contained means that wireless sensor networks do not rely on
any external system to operate.
With these three characteristics in mind, an analysis can be made on the usual methods
of organizing a WSN. These methods are usually divided into two categories, a peer-to-peer
or planar architecture and a cluster based or hierarchical architecture.
In peer-to-peer networks there exists no distinction or separation between members, they
often possess exactly the same capabilities and resources. This very loose environment dis-
tances itself from usual network organizations and provides a more homogenous and locally
autonomous framework. Peer-to-peer network members interact with each other to share
more than information but also all available resources such as processing power and stor-
age capacity. However, the lack of any "leader" element also means that the task of making
decisions as simple as allocating IP addresses to new members can be quite complex.
Cluster based networks, on the other hand, are closer to the conventional network archi-
tectures. In cluster based networks the elements are usually divided into two categories: Full
Function Devices (FFD) and Reduced Function Devices (RFD). RFDs are elements with
limited resources, usually only possessing a sensing element, a radio for wireless communi-
cation and the processing power necessary only to perform the said sensing and forwarding
of this captured information. FFDs are more powerful elements, they are responsible for
organizing clusters of RFDs, routing and repeating information across the network as well
as performing in any network processing necessary, the sensors performing this tasks are
known as cluster heads. Although cluster based networks require a more strict type of orga-
nization than their peer-to-peer counterpart, they offer a simple way to deal with problems
that were arduous on the peer-to-peer networks, as decision making and resource allocating
tasks are performed by the FFDs. A cluster network might be comprised entirely of FFDs,
which nodes assuming cluster head function depending on various metrics, such as available
resources or a pre-configured priority order. In the event that a cluster head ceases to work
another FFD will assume its functions.
Regardless of the network organization WSNs are highly cooperative environments with
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Figura 2.1: Examples of peer-to-peer and cluster networks
elements working towards a common goal. Due to its highly strict energy budget it is spe-
cially important that sensors cooperate when communicating to minimize energy consump-
tion and increase network lifetime.
2.4 Cooperative MIMO
C-MIMO differs from usual MIMO implementations due to the fact that the antenna
arrays are present at a single device, but rather made out of the individual antennas present
on separate devices. By introducing the concept of a MIMO cluster, a virtual MIMO device






Figura 2.2: Example of cooperative MIMO and SISO communications in a wireless sensor
network
In C-MIMO, a transmit node recruits nearby nodes to aid in data transmission, whereas
the destination node recruits nearby nodes to aid in the reception and decoding of data.
Reception can also be performed by a single node, resulting in a SIMO configuration. SIMO
can be used to achieve longer distances in communication, or to split the energy necessary in
long range communication between various nodes. On the other hand, a single node might










Figura 2.3: C-MIMO communication steps
When employing C-MIMO, the transmitted data can come from a single node or various
nodes of the transmitting cluster. Figure 2.3 presents the steps necessary for a C-MIMO
communication. The first step, represented by 1© in Figure 2.3, is the intra-cluster communi-
cation at the transmit cluster (intra-tx) and involves synchronizing and exchanging data that
needs to be transmitted among the transmitting nodes. Symbols are received and decoded
before being forwarded in the next step, i.e, a decode and forward approach is used. If both
sensors need to transmit data, this exchange is not necessary, as each sensor can transmit its
own data. Nodes are assumed to be equipped with omnidirectional antennas. Assuming that
the nodes remain static, synchronization is achieved according to the method proposed in
Section 2.6.
In step 2© in Figure 2.3, in inter-cluster communications (inter), both sensors transmit
different symbols, during the same time slot, using a MIMO scheme. This work proposes
the use of the so-called V-BLAST transmission, as described in [109], for MIMO commu-
nications to exploit spatial diversity. In normal transmissions, a single symbol would be
transmitted over the channel during each time slot, whereas in the case of V-BLAST, the
symbols are grouped into frames of the size of the receive array. In case of a C-MIMO
cluster with Mt transmit nodes, frames of the size Mt are transmitted in the same time slot.





hi,k · sk + ni ∈ C, (2.1)
where hi,k represents the complex-valued impulse response of channel between transmit
node k and receive node i, and sk is the symbol transmitted by the k-th node. ni ∈ C is the
noise present at the i-th receive node during sampling. Equivalently, a matrix representation
for the signals received at all receiving nodes can be written as
x = Hs + n, (2.2)
where x ∈ CMr×1 contains the signal received at each node of the Mr receive nodes, s ∈
CMt×1 is the vector of the symbols transmitted, and n ∈ CMr×1 contains the noise samples
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at each of the receive nodes, and
H =





hMr,1 · · · hMr,Mt
 ∈ CMr×Mt (2.3)
is the channel matrix. To estimate the transmitted symbols, H must be estimated. Tra-
ditionally, an estimate Hˆ, obtained by transmitting a set of pilot symbol vectors P =
[p1,p2, . . . ,pU ] ∈ CMt×U , where pi ∈ CMt×1, and assuming U > Mr is given by
Hˆ = XP†, (2.4)
where (·)† represents the pseudoinverse of a matrix. In this work, no precoding is used
during step 2© in Figure 2.3. Note that although precoding helps in improving the efficiency
of C-MIMO, it entails higher computational complexity. For a more detailed discussion on
trade-offs and optimal pilot symbol selection for MIMO channel estimation, the reader may
refer to [7].
Finally in step 3© in Figure 2.3, at the receive cluster (intra-rx), the receive nodes ex-
change the received information to decode the received symbol. The binary output of the
analog digital converter of the node receiver is sent to the node or nodes responsible for
equalizing the received signal. Once the channel matrix estimate Hˆ is obtained, the receiv-
ing cluster needs to equalize the received symbols to obtain an estimate of the transmit-
ted symbols s. Various methods exist for performing this equalization. Among them, this
work evaluates the performance of Zero Forcing (ZF) [111] and Minimum Mean Square
Error (MMSE) [56] with their respective successive interference cancellation (SIC) exten-
sions [94,112], and Maximum Likelihood (ML) [113] methods. If the data is destined to only
one sensor of the receiving cluster, this exchange becomes unidirectional. Another option is
to exchange only a portion of the received information so that every sensor is responsible for
decoding, thus alleviating the computational burden of a single node.
Figure 2.4 depicts a comparison between standard SISO systems and a 2×2 MIMO con-
figuration for different equalization methods. For the simulations in Figure 2.4, 300 symbols
are transmitted using a binary phase shift keying (BPSK) constellation, 30 of which are used
to perform channel estimation. The communication channels are generated using indepen-
dent Rayleigh distributions for each transmitter-receiver pair, which are considered to be
constant during a transmission interval. The ML equalization method is the most efficient
one in terms of minimizing the BER, followed by the MMSE method, which employs the
SIC. The ZF presents worse results, with a BER being inferior to that of the SISO case. This
is due to the noise enhancement that follows ZF equalization. In the best case scenario, with
perfect knowledge of a completely uncorrelated channel matrix, the ZF BER curves super-
pose the SISO curves [102]. The SISO performance shown in Figure 2.4 is obtained by the
theoretical SISO BER for a transmission over a Rayleigh channel. With MIMO, the same
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BER can be reached at lower SNRs; therefore, less power is required to achieve the same
BER at the receiver. For the remainder of this work, the MMSE with SIC is considered as
the equalization method, since its performance is similar to that of the ML for intermediary
SNR regimes and, in general, less complex.
SNR in dB





















Figura 2.4: Performance comparison between standard SISO systems and 2 × 2 MIMO
systems using ZF, MMSE and ML equalization
2.5 Energy Analysis
This section studies the energetic performance of communication using conventional and
C-MIMO techniques.
2.5.1 Conventional Techniques
In standard WSNs communication is usually done using either single-hop transmissions
or multi-hop transmissions. Single-hop transmissions consist of end-to-end communications
without aid of intermediary nodes while multi-hop transmissions consist of using multiple
intermediary nodes as routers to convey the necessary data to the destination node.
Figure 2.5 shows an example of single and multi-hop configurations. Note that the multi-
hop configuration presents multiple available paths for signal transmission, optimal path
selection is a problem related to the routing protocol, the reader may refer to [20, 69, 110].
The increased efficiency provided by multi-hop communication is due to the fact that the
attenuation suffered by a wireless signal increases exponentially with the distance. How-











Figura 2.5: Examples of single-hop and multi-hop communication
single-hop. According to the energy consumption model proposed in [17]
Et = α, (2.5)
Er = β, (2.6)
where Et is the energy necessary for transmitting a single symbol over a certain distance and
Er is the energy necessary for receiving and decoding the given symbol. The parameter α is
directly dependent on the distance between the transmitting and receiving nodes and can be
written as
α =
a+ b · dγ ; dmax ≥ d > dmina+ b · dγmin ; d 6 dmin (2.7)
here dmin defines the maximum distance that can be reached by setting the transmit power
of the transmitting node radio to its minimum configurable value, dmax is the maximum
reachable distance by setting the transmit power to its highest configurable value, d is the
distance between the transmitting and receiving nodes and γ is the path loss coefficient. To
evaluate the energy efficiency of both techniques a comparison is made a transmission over
dmax using both techniques. Let dmax = k · dmin and the path loss coefficient be equal to
the free space loss coefficient γ = 2 and the power necessary for receiving a signal being
equivalent to the power necessary for minimal transmission β = a. In fact receiving is
usually more energy demanding than transmitting at low power as seen on table 2.1.
The total energy consumed in a single-hop transmission can be described by using (2.5)
and (2.6) as
Er + Et(dmax) = 2a+ b · d2max = 2a+ b · (k · dmin)2, (2.8)
equivalently, the energy consumed by the multi-hop transmission over k symmetric hops can
be written as
k · Er + k · Et(dmin) = k · a+ k · (a+ b · d2min) = 2 · k · a+ b · k · d2min. (2.9)




Tx (-18 dBm) 3.72mA
Tx (-13 dBm) 5.21mA
Tx (-10 dBm) 5.37mA
Tx (-6 dBm) 7.05mA
Tx (-2 dBm) 8.47mA
Tx (0 dBm) 11.57mA
Tx (+3 dBm) 13.77mA
Tx (+4 dBm) 17.37mA
Tx (+5 dBm) 21.48mA
Tx (+10 dBm) 27.01 mA
Tabela 2.1: Energy consumption for the Mica2 platform




According to [6] [78], a condition necessary for minimizing energy consumption in multi-
hop is that the hop distance is the same for all hops. For n intermediary nodes placed between





replacing dmin with dhop in (2.9) and taking its derivative with respect to n, the number of






By replacing n by nopt in (2.11) the optimum hop distance in terms of energy consumption






where dchar is known as the characteristic distance. Note that dchar depends only upon the
values of a and b, thus it is a parameter intrinsic to the sensor in question.
Care must be taken when employing the multi-hop approach to avoid reducing energy ef-
ficiency by using an unnecessary number of hops. When adequately employed the multi-hop
approach can lead to significant energy saving in WSNs. However, multi-hopping suffers
from some serious disadvantages. Data forwarding is usually done on a best effort deliv-
ery basis. That means that the transmitting node has no guarantee of the transmitted data
reaching its destination, or that it will be delivered within a given time frame. Multi-hop
networking can lead to data congestion on nodes that are located between node clusters that
generate heavy traffic. This heavy traffic will also result in a high drain of energy resources
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the in the nodes responsible for forwarding the data. This will result in a high delivery delay
and will eventually lead to depletion of energy in these midway nodes, resulting in a dis-
connected network. Data relaying is usually done in a decode and forward fashion, this can
result in a high delay even when there is no network congestion present.
Single-hop transmissions are not affected by network congestion as they are end-to-end
communications, but they require a very high signal power when employed over large dis-
tances. If a single sensor is responsible for producing a large amount of data that needs
to be transmitted over a large distance, this will lead to a very fast depletion of its energy
resources. This uneven depletion is highly prejudicial to WSN operation, since replacing
individual nodes might be as costly as replacing the entire network. Furthermore, single-hop
transmissions might be unattainable over large distances due to the limited power at which
sensor radios usually operate.
2.5.2 Cooperative MIMO
By introducing the C-MIMO approach, the drawbacks of the multi-hop approach, such
as larger delay and possible uneven energy consumption, can be avoided while still achieving
energy efficient communications. With the fundamentals of C-MIMO reviewed in Section
2.4, a reliable, low BER and energy efficient communication can be implemented by taking
advantage of the cooperative nature of WSNs.
With the steps of Figure 2.3 in mind, it is possible to derive an analytical expression for
the energy consumption of C-MIMO. Defining Eintra as the energy necessary to transmit an
entire data packet to another sensor located within the C-MIMO cluster frontier, shown as
1© and 3© in Figure 2.3, the energy spent on spreading the packet for transmission and for









respectively. For anMt×Mr C-MIMO transmission, a central node that spreads its packet to
neighboring nodes needs to performMt−1 transmissions with a cost of EintraMt , as the packet is
split into Mt smaller packets for C-MIMO transmission. The same applies to consolidating
the packet on the receiving C-MIMO cluster, whereMr−1 transmissions with a cost of EintraMr ,
are sent to a central node for equalization and decoding.
Dissemination and consolidation of packets on the C-MIMO clusters also consume sig-
nificant energy on the radios listening to the transmissions. Therefore,Mt−1 receptions with
a cost of Erx
Mt
, where Erx is the energy cost for receiving an entire data packet, are necessary
at the transmitting cluster. At the receiving cluster, Mr − 1 receptions with a cost of ErxMr are
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necessary when the received symbols are transmitted to the central node for decoding. Thus,









respectively. Additionally, as the packet is transmitting over long distances using C-MIMO,
the Mr receiving nodes must listen. Therefore, another Mr receptions with ErxMr cost are
necessary.
Finally, Etxinter is the energy spent on transmitting a data packet, using higher power
for the long distance transmission step 2© on Figure 2.3. Mt nodes transmit 1Mt of the data
packet.
The total cost for transmitting a packet, using cooperative MIMO, is then given by
EC-MIMO = Etxinter + Etxintratx + Etxintrarx
+Erxintratx + Erxintrarx + Erx. (2.18)
C-MIMO is capable of reaching large distances without demanding much power from a
single node. In addition, since multiple copies of the same signal are received, the BER is
considerably smaller at the same SNR. This makes the C-MIMO capable of reaching long
distances, using much less power than SISO configurations do. C-MIMO configurations
can lead to even lower BER ratios, which allow even less power to be used for long range
transmissions.
Next, assuming a multihop communication where the nodes involved are uniformly
spaced and the energy necessary to transmit a data packet to the next node is equivalent
to the energy necessary to transmit inside a C-MIMO cluster, Eintra, the energy used for a
multihop transmission is given by
Emhop = k (Eintra + Erx) , (2.19)
where k is the number of hops necessary to reach the destination node. From (2.18) and
(2.19), the condition under which C-MIMO becomes more efficient than multihop, i.e.




























210 m 100% 95% 99%
420 m Not feasible 100% 83%
Tabela 2.2: Transmission energy consumption
From (2.20), it is clear that C-MIMO is more efficient than multihop only when the nodes
are separated by a large number of hops.
Figure 2.4 shows that a BER of 10−3 can be reached using MIMO communication with
SNR 8 dB lower than standard SISO communication. From the specifications of the Harvard
Mica2 platform [97], switching from 4 dBm transmission to -15 dBm transmission means
that the radio consumes approximately half of the energy to achieve the same BER.
Table 2.2 presents a comparison of the amounts of energy consumed by the different
communication methods, namely, single-hop, multi-hop, and 2 × 2 C-MIMO. When com-
municating with a node located 210 m away from the originating node, C-MIMO performs
only slightly better than the single-hop and worse than the multi-hop approach. Even though
the difference in performance between MIMO and single-hop is marginal, the energy con-
sumption is spread out among various nodes when using the C-MIMO. Such a characteristic
is highly desirable in WSNs. For longer distances, when using multi-hop, as the increas-
ing number of receptions starts becoming highly energy-demanding, C-MIMO outperforms
multi-hop. From Table 2.2 the increased efficiency provided by the C-MIMO over large
distances can be observed.
Note, that the computational complexity required in C-MIMO is higher than that re-
quired in a standard SISO communication. However, the energy consumed due to additional
computational complexity is significantly smaller than the energy saved by efficient commu-
nication. As a rule of thumb, in a standard communication, the energy spent in processing is
103 to 104 times less than the energy spent in communication [2].
2.6 Synchronization
Synchronization is fundamental to optimal performance of MIMO systems, as poor syn-
chronization can lead to a very large BER or even ruin any used precoding. The subject of
network-wide synchronization in WSNs has been extensively studied [42, 43, 70, 107], and
several algorithms have been proposed to keep a common clock across the entire network.
Most solutions suggest maintaining a relationship between clocks across the network, instead
of trying to forcefully synchronize clocks across all nodes. For networks relying on GPS syn-
chronization, it has been shown that very precise synchronization is possible by keeping the
variations as small as 200 ns [71]. However, relying on GPS receivers leads to increased en-
ergy demand in a WSN that is no longer self-contained. Broadcast synchronization schemes
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capable of achieving 1 µs of accuracy have been proposed in [36].
Subsection 2.6.1 presents an analysis of the effects of synchronization errors on WSNs
operating with C-MIMO and V-BLAST. To mitigate such effects, two synchronization
schemes are proposed for WSNs operating with C-MIMO. A method for coarse synchro-
nization is presented in Subsection 2.6.2. Since WSNs can also be composed of nodes
with limited processing capabilities, a method for accurate synchronization that requires low
computational effort is proposed. Similarly, for networks with higher processing power, a
method that provides highly accurate synchronization is proposed. These methods are de-
tailed in Subsection 2.6.3. Finally, Subsection 2.6.4 presents an analysis of the propagation
of synchronization errors in WSNs, besides a study on how to choose the appropriate symbol
duration and re-synchronization interval of the network to allow the use of C-MIMO.
2.6.1 Effects of Synchronization Error on Cooperative MIMO
For networks operating at 256 ksps rate, the resulting symbol duration is approximately
4 µs. In this case, a synchronization error of 1 µs represents 25 % of symbol duration. In
practice, synchronization errors result in a lower SNR, implying a lower BER performance
for a fixed noise power at the receiver. Figures 2.6, 2.7, and 2.8 compare the performances of
the equalization methods discussed in this work in the presence of a synchronization errors,
expressed as fractions of the symbol period Ts, for MIMO systems with different numbers
of elements. The results show that, for smaller configurations, errors as small as 0.2Ts can
have a large impact on the BER performance of MIMO communications, specially for SIC
variants due to the error propagation problem caused when a symbol is decoded incorrectly.
While larger configurations are shown to be more robust to synchronization errors, achieving
such configuration in a C-MIMO scheme may not be always possible, since it depends, for
instance, on the node density of the network or the overall processing power of the node
responsible for equalization and decoding. Therefore, another method for synchronizing
transmitting nodes and receiving nodes is necessary to take full advantage of MIMO com-
munications in WSNs.
2.6.2 Proposed Coarse Synchronization Scheme
To achieve a degree of synchronization compatible with the operation of C-MIMO, this
work proposes scheduling a tonal transmission between a pair of nodes or tonal broadcast
to a group of nodes. The sampling on the receiving nodes starts at the scheduled time, and
the clock error can be compensated by comparing the received tonal wave with a reference
wave kept internally. The comparison can be done using ML or discrete Fourier transform
based methods. However, owning to the periodic nature of the tonal waves, an element of
ambiguity creeps in for delays higher than a wave period. Therefore, the receive node needs
to be synchronized first with an accuracy of a period of the transmitted tonal wave.
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Synchronization error in fractions of Ts

















Figura 2.6: Performance comparison of equalization methods in the presence of synchro-
nization errors in a 2x2 MIMO system
To avoid problems created by sampling with a difference of more than a period of the
tonal wave, the time length of the tonal transmission needs to be known to the receiving
nodes. If a signal with less than the expected length is received, the receiver can compensate
it by starting sampling earlier or later and adjusting its internal clock accordingly. An esti-
mate δˆp of the sampling synchronization error δp can be compensated prior to applying the













where Tp is the time length of the tonal wave used for synchronization, f is the frequency of
the synchronization signal and t is the time. That is, the sampling is synchronized by finding
the delay that maximizes the received energy during a period of Tp.
2.6.3 Proposed Fine Synchronization Schemes
Once the nodes are synchronized with a precision of a wave period, more precise syn-






(r(q)− sin(2pi(q + δ)f))2 , (2.22)
where q represents discrete time instants, δˆ is the estimate of the clock offset δ between two
nodes synchronizing, and
r(q) = sin(2pi(q + δ)f). (2.23)
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Synchronization error in fractions of Ts





















Figura 2.7: Performance comparison of equalization methods in the presence of synchro-
nization errors in a 4x4 MIMO system
In the discrete domain, the estimator can be written as
δˆ = argmin
δ
‖r− l(δ)‖22 , (2.24)
where r ∈ RTpFs is the sampled version of the synchronization waveform arriving at the
receiver with a delay, relative to its clock, of δ and l(δˆ) ∈ RTpFs is the sampled version of a
local copy of the waveform with a delay of δˆ. Using a high resolution, i.e., very small values
of δˆ as candidate values, this estimation method can achieve very precise synchronization,
but entails very high computational load.
An alternative of lesser complexity is to use the discrete Fourier transforms (DFT) of the
sampled signals to calculate the cross correlation between the received waveform and a local
copy. Using this method, an estimation of the cross correlation is obtained as
c = F−1(F r0  (F l0)∗) ∈ C2TpFs+1, (2.25)
where F ∈ R2TpFs+1×2TpFs+1 is the DFT matrix, (·)∗ is the complex conjugation,  is the
Hadamard product, l is a local copy of the waveform following the receiver’s clock, and
r0 ∈ R2TpFs+1 and l0 ∈ R2TpFs+1 are the zero padded versions of r and l. By finding the
index l, where |[c]l| is maximum, an estimate δˆ of the delay δ can be obtained by
δˆ =
l − TpFs + 1
Fs
. (2.26)
The proposed DFT based method offers reduced computational complexity compared as
to the complexity of the ML method obtained from (2.22) and (2.24), since the estimation is
performed in a closed form. The ML computational complexity is a function of the resolution
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Synchronization error in fractions of Ts



























Figura 2.8: Performance comparison of equalization methods in the presence of synchro-
nization errors in a 7x7 MIMO system




), the computational complexity





while that of the DFT based method is given by
O(4TpFs log(2TpFs)). (2.28)
Note that the DFT based method requires one FFT and an inverse FFT, as the FFT of the
reference signal can be stored and does not need to be calculated. Therefore, the DFT based
method is more efficient than the ML method unless a very low resolution is chosen for the
ML approach. However, the DFT method has a resolution that is limited by the sampling
frequency Fs as shown in (2.26). Therefore, high synchronization accuracy demands a high
sampling frequency or time interpolation to increase the number of time samples.
The effects of the filtering used for data transmission should also be taken into account
in the synchronization process. The input filter alters the autocorrelation of the white noise
leading to a colored noise. The noise at the output of the filter is given by
nc(t) = w(t) ∗ n(t), (2.29)
where n(t) is the uncorrelated noise before filtering, w(t) is the filter response, nc(t) is the
noise at the output of the filter, and ∗ is the convolution operator. The convolution can be
represented in the frequency domain as
N c(ω) = W (ω)N(ω), (2.30)
where N c(ω), w(ω), and N(ω) are the Fourier transforms respectively of nc(t), h(t), and
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n(t). Therefore, the autocorrelation of the noise at the output is given by
E




{|W (ω)|2} , (2.31)
where σ2n is the variance of the uncorrelated noise before filtering, and E {·} is the expected
value operator. Assuming an ideal brick-wall filter





w(t) = F−1{W (ω)} = 2B sinc (2Bt) , (2.33)
where B is the bandwidth of the input filter. Therefore, the noise samples at the output of the
filter are uncorrelated only if they are sampled with 2B sampling rate. A possible solution to
this would be to increase the bandwidth of the filter, which would, however, lead to a decrease
in the effective SNR. Another problem of employing a very high sampling frequency is that
it leads to increased energetic demands at the receiver, and, therefore, defeats the purpose of
C-MIMO by leading to a decrease in energy efficiency.
Figure 2.9 highlights the effects of noise correlation arising from oversampling during
synchronization when using a 20 MHz tonal wave for the ML method. For the simulations,
the sampling lasts for 2 periods of the tonal wave. The front end filter is an ideal low pass
brick wall filter with bandwidth B = 22 MHz. The sampling frequency for simulations
varies between two and ten times the bandwidth of the front end filter. The results show
that, due to the effects of noise correlation, the higher number of samples, obtained from
oversampling, results in a very small increase in performance.
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Figura 2.9: Performance of ML synchronization,
f =20 MHz, B = 22 MHz
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Figure 2.10 presents the synchronization performance, obtained by using the proposed
DFT based method. In the proposed method, the performance is degraded by noise only in
very low SNR regimes, while in high SNR regimes, the major source of error comes from
limited resolution. In this case, increasing the sampling rate led to significant performance
improvement, despite introducing noise correlation. Noise being not the dominant source
of error, increasing the sampling rate results in higher resolution, and, therefore, in reduc-
ing the errors caused by low discrete resolution. An alternative, when using a low sampling
frequency, is to interpolate the received samples of the waveform in time, thus leading to a
higher sample rate. However, interpolation is beneficial only for low sampling frequencies,
where the noise between samples is approximately uncorrelated. For high sampling frequen-
cies, interpolation provides no gain. In Figure 2.10, the samples taken at Fs = 2B and
Fs = 2.5B are interpolated to have four times the original number of samples. The curves
for the synchronization results, using the interpolated signals are shown in the legend with
the marker (i).
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Figura 2.10: Performance of proposed DFT based synchronization, f =20 MHz, B = 22
MHz
2.6.4 Synchronization error propagation
According to Section 2.5.2, C-MIMO is efficient only when used in long distance com-
munication. However, direct synchronization of pairs of sensors over long distances is not
feasible due to the large energy demanded for long range SISO transmissions. A possible so-
lution would be to employ C-MIMO and a beamforming algorithm to reach distant sensors.
This alternative requires the network to possess knowledge of the position of the sensors,
and such knowledge is not assumed for this work. Therefore, another alternative is to propa-
gate synchronization across network, using a multihop approach. This subsection overlooks
the effects of error propagation in synchronization when a multihop approach is used, and
how to define the synchronization interval and symbol period that allow the effective use of
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C-MIMO. The effects of synchronization errors caused by propagation time, clock drift, and
errors in synchronization methods are analysed and consolidated into a single expression.
Using the ML estimator according to (2.22) and (2.24) in the presence of white noise,
the distribution of the synchronization error between two sensors is expected to be normal.
However, for high sampling frequencies, the distribution needs to be analysed. Figure 2.11
shows the histogram of the synchronization error for ML estimator. The result is obtained
obtained considering the same scenario as that one used in obtaining the results shown in
Figure 2.9. Furthermore, the SNR is feixed at 10 dB and a sampling frequency of Fs =
7B is considered. Despite the discrete nature of the DFT method in (2.25), this error also
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PDF of normal distribution
Figura 2.11: Histogram of synchronization error using the ML method (2.22,2.24)
Synchronization error [s] ×10−6










PDF of normal distribution
Figura 2.12: Histogram of synchronization error using the DFT method (2.25)
Figures 2.11 and 2.12 show that the PDF of the error can be approached by a normal
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distribution with a given variance σ2sync , despite the presence of correlated noise. A random





where i is the synchronization error of the i-th node on the synchronization chain, composed







where R is the covariance matrix of the synchronization errors of the nodes on the syn-
chronization chain, and [·]i,j is the element of a matrix indexed by i and j. Assuming that the





Therefore, under the assumption that all the nodes have a synchronization error that follows
a normal distribution with the same variance, the synchronization error between nodes, sep-




The synchronization does not take into account the propagation time of the transmitted
wave. This correction can be performed by measuring the approximate distance between a
pair of sensors, using the received signal strength indicator (RSSI). Methods such as RSSI
are capable of estimating with 5 to 10 % error [30]. Another alternative is to apply a sensor
localization method, one such method employing array processing concepts is presented in
Appendix G. In addition, the nodes may also, if fixed, know their positions. Considering
that the localization error between the sensors involved in the synchronization chain is a
function of the distance between these sensors, the total synchronization error δd due to the





where ϕ is the relative distance estimation error, d is the total distance involved in synchro-
nization and c is the speed of light.
Another important source of synchronization imprecision is the clock drift between two
sensors. Given that the nodes of a network operate on clocks with a given maximum drift rate
ρ, they can drift apart at a maximum rate of 2ρ. A function ζ , defining the synchronization
error between two sensors, which are k synchronization hops apart at time instant τ1 and
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which have last synchronized at time instant τ0, is given by
ς = N (0, kσ2sync) + δd + 2ρ∆τ , (2.39)
where ∆τ = τ1−τ0. As shown in Figures 2.6, 2.7, and 2.8, the synchronization error needs to
be, at the most, 20 % of the symbol period to guarantee a good BER performance. Therefore,
to use the benefits of C-MIMO, the following relationship must hold
|N (0, kσ2sync)|+ δd + 2ρ∆τ ≤ 0.2Ts
|N (0, kσ2sync)| ≤ 0.2Ts − δd − 2ρ∆τ , (2.40)
where Ts is the symbol duration and
0.2Ts > δd + 2ρ(τ1 − τ0). (2.41)








Therefore, when designing a WSN for operation with C-MIMO, the parameters Ts and
∆τ need to be defined to ensure that the probability of the synchronization error is within
the acceptable bound. Also, care must be taken to ensure that the energetic efficiency of
C-MIMO is not offset by a large energy demand from constant synchronization with a small
∆τ and with very large symbol periods Ts.
2.7 Adaptive C-MIMO Clustering
After achieving synchronization, C-MIMO can be used to improve energy efficiency of
WSNs. However, prior to transmitting the data, a selection must be made between using
multi-hop or C-MIMO, since C-MIMO becomes beneficial only for long distance transmis-
sion, as explained in Section 2.4. Also, as WSNs have to be deployed even in harsh environ-
ments, the network must be capable of dealing with node outages (temporary or permanent),
due to extreme heat or cold conditions, temporary link outages due to eventual interference
in a given area or even energy depletion and consequent permanent failure of nodes. Routing
algorithms developed for WSNs must be capable of choosing alternative routes, if a given
route becomes unavailable. Depending on the frequency of such failures, different routing
algorithms can be employed. For networks with fairly stable links, a routing table can be
maintained at each node, with either the full path to a given destination or only the next hop,
depending on the memory available with the nodes or the limitations in maximum packet
overhead. If the communication links are not reliable, up-to-date maintenance of a large
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routing table in every node of the network might not be possible. In such cases, routing algo-
rithms such as Ad hoc On-Demand Distance Vector (AODV), are generally used, in which
paths are discovered only on demand, thus avoiding the need for maintaining routing tables
on the nodes.
This Section is divided into two subsections. Subsection 2.7.1 details the proposed
method for adaptively forming C-MIMO clusters according to the energy efficiency of dif-
ferent cluster sizes and according to the impact of different clusters sizes on the distribution
of available energy over neighboring nodes. Subsection 2.7.2 presents the numerical simula-
tions for the proposed method, highlighting positive effects on network lifetime and energy
distribution.
2.7.1 Adaptive C-MIMO clustering
Possible C-MIMO formations for a given node can be represented as new edges with
different values on a graph. Therefore, the existence of C-MIMO can be transparent to the
chosen routing algorithm. Moreover, since C-MIMO can be used with different cluster sizes,
it is important to choose the best possible cluster size for reaching a given node in the network
and representing it on the routing graph as a vertex with the lowest possible cost. Another
important characteristic of C-MIMO is its ability to distribute energy consumption among
various nodes, and, depending on the number of neighbors of a given node, the node may
choose the neighbors that cooperate on a C-MIMO transmission to maximize the life time of
the network. .
Choosing between C-MIMO, multi-hop, and single-hop is not enough. Since C-MIMO
can be used with different cluster sizes, it is important to choose the best possible cluster size
for reaching a given node in the network, representing it on the routing graph as a vertex with
the lowest possible cost. However, minimizing energy consumption is, by itself, not enough
to maximize the lifetime of a WSN. If energy consumption is low but the energy distribution
is uneven, some nodes will fail before others. This distribution can be area dependent, for
instance, regions with a high traffic of information will tend to be depleted ahead of the rest
of the network. Node failures in such areas might lead to a disconnected network, reducing
the effective lifetime of the network. Generally, it is desirable that the nodes in a WSN have
their energy reserves evenly depleted, so that the network can stay fully connected as long
as it is operational. Therefore, by being aware of the energy reserves of its neighbours, a
node can, when using C-MIMO, choose the configuration and neighbours that minimize the
difference between the energy reserves of its neighbours.
This work proposes calculating the cost of a transmission as a function of transmission
power, cluster size and effects on the energy reserves of neighbours. The metric shown in
(2.43) is used to define the cost of a transmission between a pair of nodes indexed by n =
1, . . . , L and m = 1, . . . , L. In this expression L is the number of nodes that compose the




α(σ0(n,w)− σ1(n,w)) + EC−MIMO(w), if n 6= m and w 6= 1 and m ∈ Nn,w
Eintra + Erx, if n 6= m and w = 1 and m ∈ Nn,1
0, if n = m
∞, if n 6= m and m /∈ Nn,w
(2.43)
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W , EC−MIMO(w) is the energy cost for a C-MIMO transmission using clusters composed of
w elements, σ0(n,m,w) and σ1(n,m,w) are the standard deviations of the energy available
in the node’s neighbours before and after the possible C-MIMO transmission. Nn,w is the set
of nodes that can be reached by node n with a C-MIMO cluster size w. For a fixed cluster
size, the nodes n and m always choose the neighbours with the highest amount of energy to
maximize the network lifetime. However, it is possible that some formations, even if the total
energy cost is lower, cause the variance of the energy available on the neighbours to increase
too much. This means that the distribution of the available energy between the nodes is
less uniform leading to some nodes running out of energy before others, and resulting in a
disconnected network. Finally, α is a weighting factor that dictates the importance of keeping
a uniform energy reserve versus the importance of minimizing overall communication energy
consumption. If the transmit node n has knowledge about the state of the energy reserves of
the receive cluster it may also take into account its changes on the calculation of the cost.
Each node n stores the cost relative to reaching a given neighbor in a cost matrix
[Rn]m,w = J(n,m,w) ∈ R. (2.44)
A graph used for routing can be set up by grouping all of the cost matrices from the nodes
that form the network into a tensor structure
R = [R1|R2| . . . |RL] ∈ RL×L×W , (2.45)
where | denotes a stacking operation onto the first dimension. However, constructing a graph
based on this structure will result in vertices that are connected by multiple edges, since
nodes can communicate using different C-MIMO cluster sizes. To avoid this problem, some
edges must be filtered from the graph. This decision is simple, and can be based solely on
the cost of the edges, leaving only the edges with the smallest cost between two vertices.
Therefore, the decision on what cluster size sn,m to use to communicate between a pair of
nodes is given by
sn,m = argmin
w
[R]n,m,w ∈ N+. (2.46)
Algorithm 1 presents the proposed solution for choosing the optimal cluster formation
for reaching a given node. A list of neighbors is present at each node and associated to it.
Moreover, the list includes information about the number of nodes involved in the C-MIMO
clusters for reaching the intended destination.
The cost can be a function of variables such as transmission power, cluster size and
effects on the energy reserves of neighbours. This work uses the following metric to define
the cost of C-MIMO transmission
J(σ20, σ
2
1, EC−MIMO) = α(σ
2
0 − σ21) + EC−MIMO, (2.47)
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Algorithm 1 Lower Cost Hop
1: load neighborList




6: for node : nodes do
7: if neighborList.contains(node) then
8: if node.cost() > cost then
9: neighborList.remove(node)
10: neighborList.add(node, cost, size)
11: end if
12: else




where Ec-mimo is the energy cost for a C-MIMO transmission as computed in (2.18), σ2o and
σ21 are the variances of the energy available in the neighbouring nodes, before and after
the possible C-MIMO transmission. For a fixed cluster size, the node always chooses the
neighbours with the highest amount of energy to maximize the network lifetime. However, it
is possible that some formations, even if the total energy cost is low, significantly increase the
difference between the energy levels of the neighbours. Thus, the distribution of the available
energy between the nodes becomes less uniform. This will lead to some nodes running out
of energy before others do, which may ultimately result in a disconnected network. Finally,
α is the weighting factor that dictates need for maintaining a uniform energy reserve versus
the need for minimizing overall communication energy consumption. If the transmit node
has knowledge about the state of the energy reserves of the receive cluster it may also take
into account its changes on the calculation of the cost.
Other parameters such as delay, packet loss or available bandwidth may also be included
in the metrics of cost function. If one of the nodes transmitting the packet is not entered in
the list, this entry is added on the neighbour’s list. If an entry exists, the cost of the received
packet is compared to the cost given in the list (Lines 7 - 8 of Algorithm 1); if the cost of
the received packet is lower than the cost given in the list, this entry is replaced (Lines 9 –
10 of Algorithm 1). This optimal entry can be then sent to the transmitting node or cluster,
assuming that all connection characteristics are reflective, or the transmitting node or cluster
itself may use the response to calculate the cost associated with the reverse path. Using this
algorithm, a node can decide when a packet needs to be forwarded, and the optimal number
of nodes that need to be involved in a C-MIMO transmission to reach a certain neighbour on
the list. The graph structure is not modified; therefore, classic graph routing algorithms can
still be employed.
The proposed algorithm can take advantage of the C-MIMO technique and of the tradi-
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tional multi-hop technique to achieve the lowest possible energy consumption in the network.
The same algorithm is also used to select the optimal number of cluster members that must
be present in a C-MIMO transmission. Thus, C-MIMO transmissions can be adaptively em-
ployed by modifying the cluster configurations to suit the changes in the network topology,
but without disturbing the operation of standard transmission techniques.
2.7.2 Numerical Simulations
For numerical simulations, this work assumes that the sensors follow the communication
characteristics of Harvard Mica2 platform [97]. An area of 100 m × 100 m is filled with
300 nodes placed with coordinates following independent uniform distribution. These nodes
are capable of transmitting with a power ranging from −20 dBm to 10dBm, with respec-
tive current drains at the radio ranging from 3.7 mA to 21.5 mA. The current drain at the
radios during reception is 7 mA, which is considerably higher than the drain on low power
transmissions.
The noise power density at the radios during reception is considered to be−174 dBm/Hz
and the radios are assumed to have a 5 dB noise figure. The communication is assumed to
take effect by using 2.4 GHz center frequency and a 20 MHz channel, treated with a 22 MHz
filter. The resulting noise power at the receiver was −96dBm.
Transmissions follow the free-space path loss model, and the antennas have no gain.
Therefore, the attenuation in dB of a signal, received d kilometres away from its receiver, is
given by
Loss(d) = 20 log(d) + 100.05. (2.48)
Following the results shown in Figure 2.18, the desired system BER is set to 10−2. The SNR
necessary to achieve the same SNR varies with the size of the C-MIMO cluster; larger cluster
formation requires lower SNR to reach a given BER.
According to [5], the probability that a given node has at least n neighbours located at
most r distance units away is given by








where ρ is the node density of the network. For the simulations r = 7.9 m, which is the
maximum distance reachable with an SNR of 10 dB using a transmission power of -8 dBm.
This shows that the probabilities of a node having at least 2, 3 or 4 neighbours are 98 %, 93.2
%, and 83.8 % respectively.
Node failures are also included in the simulations. The node failure rate followed an ex-
ponential distribution with parameter λ varying from 0 to 6 failures/s. The average duration






1 2 3 4
0 100 % 88.3 % 73 % 70.1 %
2
3
100 % 90 % 75.5 % 72.9 %
2 100 % 91.8 % 78.6 % 76.6 %
4 100 % 92.3 % 81 % 78.7 %
6 100 % 92.9 % 82.4 % 80 %
Tabela 2.3: Total network energy consumption
λ
M
1 2 3 4
2
3
450 202 147 44
2 551 252 163 117
4 652 261 183 174
6 746 320 194 187
Tabela 2.4: Undeliverable packets
one random node serving as the origin of the other as the destination. A packet is considered
undeliverable if, at the time of generation, it could not be routed to its destination, because
either the destination node is in a failure state or the destination was unroutable.
Each simulation could run for a total of 24000 simulated seconds, and the results show
an average of 1000 Monte Carlo simulations. Tables 2.3 and 2.4 show the simulation results
obtained in terms of energy consumption and undeliverable packets with a varying number
of maximum allowed C-MIMO cluster sizes.
For Table 2.3, the reference is always the network in which no C-MIMO is present, i.e
M = 1, since it always presents the largest energy consumption. The results show that
allowing larger C-MIMO cluster reduces the energy consumption of the network. Since
the simulated area is not very large, the benefit of allowing the larger C-MIMO clusters,
composed of 4 sensors, is not very high as compared to the benefit available from a cluster
composed of only 3 sensors. If the network area would have been larger, larger C-MIMO
formations would have brought increased benefits, since long distance transmissions become
more common on such network. Therefore, when designing networks or choosing the appli-
cation of C-MIMO for existing networks, the total network area is an important parameter.
Networks with small areas have no use for large C-MIMO clusters, because most communi-
cations happen over small distances.
Table 2.3 also highlights the fact that the decrease in the effectiveness of C-MIMO, due
to higher failure rates, is more than that in standard multi-hop only network. As nodes
fail, the effective density of the network decreases. Consequently, each node has fewer
operational neighbours, reducing the probability that larger C-MIMO configurations can be
used, according to (2.49).
Table 2.4 shows the results for the number of packets considered undeliverable. For a
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network, not using C-MIMO, when the failure rate of the nodes is 6, almost half of the
packets produced are not delivered. Increasing the maximum C-MIMO cluster size to 2
can significantly reduce the number of dropped packets, because larger distances can be
reached by using C-MIMO. Just as energy consumption, networks with a large failure rate
can benefit very little from allowing large C-MIMO cluster sizes, since those can rarely form
in the sparser network.
Figure 2.13 presents the result of a simulation comparing the lifetime of a network using
C-MIMO with a maximum cluster size of 3 and that of the same network when no C-MIMO
is used. For this simulation, the packet generation rate is 2
3
packets/s, and each node has
enough energy to perform 120 transmissions with -8 dBm power. For each configuration,
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Figura 2.13: Comparison of individual node energy depletion using C-MIMO or multihop
only
when C-MIMO is enabled, not only does C-MIMO prolong the overall lifetime of the net-
work significantly, it also delays the depletion of individual nodes considerably. This is a
very desirable outcome for networks in which a certain parameter, such as temperature or
humidity, must be sensed. In such networks, the energy depletion of individual nodes leads
to smaller resolution in the sensed parameter. This result comes not only from the reduced
energy cost of C-MIMO for long distances, but also from its ability to split the energy cost
between a group of nodes.
The definition of system lifetime varies widely, and there is as yet no consensus on this
issue. However, some understandings that frequency appear in literature can be regarded as
acceptable definitions for WSN lifetime, such as the time of the first failure, the moment
when the network becomes disconnected and turns off for good, or the moment from which
the network can no longer provide any services for some reason [31]. Figure 2.13 illustrates
that, from the moment the first node failed (indicated by an arrow), there is a large gain when
C-MIMO is used for almost double the time used until the first failure. Therefore, consider-
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ing that the lifetime of a network ends with the first failure, the lifetime of the network under
evaluation is doubled.
Figure 2.20 presents an example of a WSN with areas highlighted based on their ex-
pected communication energy consumption. In this example, the center area, shown with a
checkered background, is expected to expend more energy than the rest of the network due
to communication. The nodes that are located in the center are responsible for forwarding
a large number of packets from nodes that are located closer to the edges of the network.
Therefore, the nodes located in this area reach the end of their energy reserves faster than
the rest of the network. On the other hand, nodes that are located on the stripped area have
longer lifetimes as these nodes are rarely responsible for routing information for other nodes.
Figures 2.21 and 2.22 highlight the effects of the proposed C-MIMO cluster formation
on the available energy reserve of nodes located at the center and near the edges of the
network. The results shown in Figures 2.21 are expected, since the nodes that are located
in the center have to perform less re-transmissions of data from other nodes on the network.
Since C-MIMO can reach longer distances the nodes that generate the data can communicate
with more distant nodes without requiring a large number of intermediary hops. On the other
hand, while the results in Figure 2.22 show a decrease in the mean available energy for nodes
located near the edges of the network. This, however, is desirable. The decrease in available
energy indicates that the nodes located on the edges that, without C-MIMO, would generate
packets and hand them over for other nodes to transmit across the network are now able
to transmit over larger distances and spend their own energy reserves. This alleviates the
energetic strain on sensors located at the center of the network. The results also show that,
if a fixed C-MIMO cluster size is used the center nodes have their energy reserves depleted
faster since fixing the cluster size prevents minimizing the energy consumption with respect
to the distance between nodes.
Figures 2.23 and 2.24 present the effects of the proposed C-MIMO cluster formation on
the distribution of energy on the network. Figure 2.23 shows that when no C-MIMO is used
the energy on the center is poorly distributed, illustrated by the large standard deviation σ
between the energy reserves of the nodes. Although the distribution seems to improve after
a certain instant, this is only true due to the fact that the nodes on the center are running out
of energy, resulting in a smaller σ as the number of nodes with very small energy reserves
grows. Figure 2.24 shows that also for the edges of the network the energy distribution is
more uniform when the proposed algorithm is used.
The results of comparing energy dispersion can be further analysed by ploting the in-
dividual energy reserves of nodes across the network. Figures 2.14, 2.16, and 2.18 show
the status of the energy available, in percentage, in the network nodes after 2500, 4500 and
5500 seconds of simulation without enabling C-MIMO. Figures 2.15, 2.17, and 2.19 present
the results in respect of the same parameters for a network after enabling the C-MIMO with
a maximum cluster size of 3. Nodes with enough energy for at least one transmission are
shown as circles and the depleted as diamond symbols. When no C-MIMO is used, the nodes
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Figura 2.14: Comparison of individual
node energy depletion using multihop
only after 2500 seconds
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Figura 2.15: Comparison of individual
node energy depletion using C-MIMO af-
ter 2500 seconds
Meters

























Figura 2.16: Comparison of individual
node energy depletion using multihop
only after 4500 seconds
Meters

























Figura 2.17: Comparison of individual
node energy depletion using C-MIMO af-
ter 4500 seconds
Meters

























Figura 2.18: Comparison of individual
node energy depletion using multihop
only after 5500 seconds
Meters

























Figura 2.19: Comparison of individual
node energy depletion using C-MIMO af-
ter 5500 seconds
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Figura 2.20: Example of WSN areas with different energetic demands
Transmitted Packets



















Figura 2.21: Mean available energy at the center region of the network
on the center of the network are depleted of their energy much faster than the nodes located
along the edges of the network. These nodes are responsible for forwarding the information
of the nodes placed along the edges. This results in a disconnected network and thus no
information can be collected from areas that has no node coverage and where no sensors are
available. However, when C-MIMO is enabled, the energy is more evenly spread across the
network. The nodes at the center are no longer depleted ahead of the nodes along the edges,
since they are now capable of long range communication using C-MIMO. The network re-






















Figura 2.22: Mean available energy at the edges of the network
Transmitted Packets


















Figura 2.23: Standard deviation of available energy at the center region of the network
2.8 Summary
In this chapter the problems of communication energy consumption, advanced synchro-
nization, and improved cluster formation for cooperative MIMO in WSNs are addressed.
An analytical study regarding the energy efficiency of C-MIMO in relation to that of
multi-hop communications is presented. This analysis relates the number of hops necessary
to reach a certain node with the cost involved in C-MIMO communications to clearly define
the conditions under which C-MIMO is a better choice than multihop.
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Figura 2.24: Standard deviation of available energy at the edges of the network
With respect to synchronization in WSNs, a method enabling the various nodes involved
in C-MIMO to adequately schedule transmission and reception is presented. A coarse step
for achieving an initial rough estimate, based on a simple sliding correlator, is also presented.
For more precise synchronization ML and a DFT based methods are proposed. It is shown
that the ML method is capable of achieving a higher degree of accuracy, whereas the DFT
based method is computationally less complex.
Furthermore, an analysis of the effect of synchronization errors on C-MIMO schemes
and of how the synchronization errors spread over the network is presented. Based on this
analysis, a relation between symbol periods, clock drift, and synchronization error is derived.
This can be used to ensure that an acceptable degree of synchronization is achieved for a
given data rate by using C-MIMO.
Finally, a method that allows the formation of efficient C-MIMO cluster is proposed,
availing the benefits provided by this communication scheme, such as reduced energy cost
and better distribution of energy demand. The proposed method is shown to extend network
lifetime by reducing individual node failures and to achieve networks with a more homo-
geneous distribution of energy between the nodes, resulting in networks that remain fully
connected for longer periods.
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Chapter 3
Array Processing Localization for
Vehicular Networks
In this chapter the following research question is addressed:
Can array processing techniques be used to reliably estimate position of vehicles and pedes-
trians in vehicular scenarios based on their radio transmissions?
3.1 Overview and Contribution
The remainder of this section is organized as follows:
• Motivation: The concept of vehicular networks and smart transportation systems is
introduced. The problem of localizing vehicles and road users in such environment is
shown and a solution from an array processing perspective is introduced.
• Data Model: The broadband spherical wave data model of a signal received at an
antenna array is defined.
• Space-Alternating Generalized Expectation Maximization (SAGE) Algorithm:
Here, the space-alternating generalized expectation-maximization (SAGE) algorithm
for parameter estimation is briefly explained.
• Scenario Description: The assumed scenario for the localization in vehicular net-
works is shown and some constraints are discussed.
• Array Processing Localization: In this section three different approaches for local-
ization in vehicular scenarios are presented. These approaches vary in performance
and complexity and can be applied based on the specific performance and output rate
requirements.
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• Three Dimensional DOA Based Estimation: Here, the DOA based method is ex-
tended to the three dimensional case considering the estimation of position and attitude
of UAVs as an application.
• Simulation Results: Finally, the performance of the proposed methods is shown by
means of numerical simulations. A set of such simulations is performed using a real
measured response from an antenna array to validate the proposed methods using real
data.
The research contributions presented in this chapter are:
1. A DOA only localization method capable of localizing transmitters near to a vehicle
at a low computational cost.
2. A localization method based on range and DOA estimations performed at independent
subarrays. The geometrical relationship between the individual estimates is used to
speed up the rate of convergence of the SAGE algorithm on the individual subarrays.
3. A novel parametrization for the received waveform data model allowing joint localiza-
tion estimation to be performed at both subarrays simultaneously.
4. Localization methods that do not require the transmission of specific location data that
can be used to mitigate spoofing attacks in VANETs.
3.2 Motivation
Vehicular ad hoc networks (VANETs) are a promising technology with applications such
as road safety, traffic control, automated vehicle control, and platooning [60]. Many of such
applications require the localization of all vehicles that compose a VANET to be known
or estimated with a high degree of accuracy. Furthermore, not only must the accuracy be
sufficient the estimate must also be reliable. Road safety, automated vehicles, and road
control require the vehicles to be able to process and to estimate the position of vulnerable
road users (VRUs), as well as the position of the other vehicles in the vicinity, so that they
can operate adequately.
For the detection of VRUs, a variety of methods have been proposed. These methods
must be precise and fast enough to meet different safety requirements regarding a multitude
of possible situations. A set of requirements for VRU detection systems is presented in [49].
Most of these methods for VRU detection in the literature rely on computer vision [45].
These methods can provide an accuracy of up to 75% [35, 46], which might be insufficient
for safety-critical systems such as collision detection and prevention/avoidance.
The localization of other vehicles is also of interest and can be obtained by using a va-
riety of methods. One of the main source of location information in a VANET is the usage
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of Global Navigation Satellite Systems (GNSS) information to obtain, for each vehicle, an
estimate of it’s location. GNSS such as the Global Positioning System (GPS) can provide lo-
cation information with a mean error of fifteen meters in urban environments [81]. However,
this accuracy is not sufficient for emerging applications in Intelligent transportation systems
(ITS) such as platooning [100] or for safety-critical applications. Furthermore, GNSS re-
quires that a set of at least four line of sight signals are received from different satellites, this
is not always possible in dense urban environments, leading to a possible large number of
outages.
Other means of vehicle positioning such as using the received signal strength indicator
(RSSI) of the received data signals [86] can also be used and are capable of complement-
ing GNSS information and making safety applications possible. Other vehicle positioning
approaches such as dead reckoning [57] can be used to provide position estimation during
outages of GNSS. However, these approaches assume that the information that is provided
by neighboring vehicles can be trusted.
Even in scenarios where the position provided by some vehicles can be assumed to be
reliable and precise enough for the application at hand problems such as spoofing can still
emerge. In a spoofing attack it is possible to falsify GNSS information such that a vehicle
will obtain a position estimation that has been altered by the attacker. Furthermore, since
GNSS information is usually spread using a data dissemination method [83], the position
information can be falsified by the transmitting vehicle or by intermediary vehicles of the
network. Position verification approaches [65] for VANETs can mitigate but not fully solve
the problem of spoofing attacks.
Approaches that leverage the presence of inertial sensors in smartphones inside a vehicle,
using them to provide robust positioning for vehicles in a network have been proposed [22],
providing an accuracy of approximately 7 meters. Methods for localization in vehicular
networks based on building a social model of the interactions of vehicles in the networks can
provide position estimates with an accuracy of up to 10 meters [67]. While these methods
provide an improvement over a GNSS only positioning solution, the accuracy provided is
not sufficient for the safety-critical applications in vehicular networks. Approaches that rely
on a dedicated localization infrastructure can provide exact localization methods with an
accuracy superior to one meter [92] at the cost of an increased system complexity and may
not be available outside of urban and busy roads.
A promising technology that can be applied to VANETs is the Multiple-input multiple-
output (MIMO) communication scheme. MIMO has been used in modern wireless commu-
nications standards to allow for better spectral efficiency, faster data rates, and more robust
communication. The usage of MIMO in vehicular network scenarios has been proposed to
improve the network performance [101], suppress possible jamming attacks [58], and in-
crease network capacity [55]. The antennas used for MIMO applications can be leveraged
to provide accurate positioning of vehicles on the network, without requiring a dedicated
infrastructure. Since the usage of MIMO requires the presence of multiple antennas at both
84
receiver and transmitter, this antennas can be setup as, for instance, linear antenna arrays
to allow the application of array signal processing techniques to provide an extra source of
localization information on the network.
This work proposes the usage of array signal processing tools for direction of arrival
(DOA) estimation to passively estimate the position of vehicles transmitting a signal. The
proposed method allows the position of a vehicle to be estimated by all vehicles within its
communication range passively. This estimation does not require the transmission of local-
ization specific messages, thus, it can be used to alleviate the network load. The proposed
estimation method is also robust to data falsification since it relies on parameters that are
estimated on the physical layer and cannot be altered or falsified easily, requiring a very
complex system to do so.
3.3 Data Model
The assumed model considers a set ofLwavefronts impinging onto an ULA composed of
M antenna elements. The signal is assumed to be transmitted using an orthogonal frequency-
division multiplexing (OFDM) scheme composed of K subcarriers. This model takes into
account the curvature of the spherical wavefront. Using the Fresnel approximation, after
removing the cyclic prefix and taking the discrete Fourier transform (DFT) of the received
signal the space-frequency response of the k-th subcarrier received at antenna m during time





ωl(m−1)+ψl(m−1)2 · ej2pik∆f (τl)
+ nm,k,t, (3.1)
where,








sl,k,t is the symbol transmitted by the l-th source at time instant t, αm,l,k is the complex
channel gain coefficient, ∆m is the separation between antenna elements of the array, θl is
the DOA of the l-th signal, rl is the range of the l-th source, λ is the wavelength of the carrier
frequency, ∆f is the frequency separation between the subcarriers of the OFDM signal, τl
is the propagation delay of the l-th received signal, and nm,k,t is additive complex white
Gaussian noise.
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The model can be rewritten in matrix form as
X = D(A  Z)S + N ∈ CMK×T , (3.4)
where  is the Khatri-Rao product, T is the total number of snapshots available, D is a
diagonal matrix containing the channel gain coefficients, S ∈ CL×T contains the symbols
transmitted by the L sources for all T snapshots, N ∈ CMK×T is the noise matrix with its
entries drawn from CN (0, σ2n), and
A = [a(θ1, r1), a(θ2, r2), ..., a(θL, rL)] ∈ CM×L, (3.5)










ej2pi1∆f (τl), ej2pi2∆f (τl), . . . , ej2piK∆f (τl)
]T, ∈ CK×1, (3.8)
being the space and frequency steering vectors of the l-th received signal respectively.
3.4 Space-Alternating Generalized Expectation Maximiza-
tion (SAGE) Algorithm
The SAGE algorithm is a generalization of the EM algorithm, both are algorithms used
to derive maximum likelihood estimates in an iterative fashion. The idea behind the these
algorithms is to split an L-dimensional multi-dimensional problem that might be too com-
putationally demanding to perform within an expected time constrain into L separate one-
dimensional problems that can be solved within a shorter time. SAGE and EM utilize the
concept of hidden data space to avoid dealing with the complete observed data set. In the
case of a signal received at the array, the complete data can be written as a function of the
hidden data space
Y = X1 + X2 + · · ·+ XL, (3.9)
Xl = h(pl)sl + nl, (3.10)
where h is a steering vector constructed from the parameter vector pl = [p1l , p
2
l , . . . , p
P
l ], sl
is the symbol vector and n is the noise component and is complex normally distributed with
zero mean and variance σ2l .
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An iteration of SAGE is split into two different steps, the expectation and the maximiza-

































The maximization step can then be performed, to estimate the parameter pjl the remaining


























The SAGE algorithm iterates over the parameters of all received signals until a conver-
gence threshold is met. For the remainder of this work the superscripts for iteration and cycle
will be omitted to simplify the notation.
3.5 Scenario Description
This work assumes that the vehicles connected to the VANET are equipped with two lin-
ear antenna arrays at two distinct locations on their frames. Figure 3.1 depicts an example of
a vehicle with antenna arrays equipped at the wing mirror position triangulating the position
of a VRU.
To avoid ambiguities in DOA estimation the antenna elements of the array must be placed
no further than half a wave length apart. Assuming the communication occurs at the 5.8
GHz frequency band and that DOA estimation is to be done at carrier frequency the antenna
elements can be placed as far as 2.5 cm apart. Antenna elements can be installed close
together to allow more antennas to be installed on the same area or to reduce the total size
of the antenna array, however this comes at the cost of increasing mutual coupling between
antenna elements. This work assumes that the antenna arrays are installed at the wing mirror









Figura 3.1: Scenario description for two vehicles
3.6 Array Processing Localization
This section presents three methods for estimating the position of a transmitter in a ve-
hicular network context, namely the flip-flop, joint, and DOA only methods.
3.6.1 Flip-Flop Estimation
The first proposed method, addressed in this work as the flip-flop method, consists of
iteratively performing individual estimations at each subarray and using the estimates of
each subarray to update the SAGE algorithm, that is used to derive ML parameter estimates
based on the data of each antenna array, of the remaining one.
The SAGE algorithm consists of the so-called expectation and maximization steps. The
expectation step consists of obtaining an estimate for the signal received from a given source
(hidden data space). Given that the data available is the set of superimposed signals received














where Xˆki is the estimate for the signal received from the i-th source at the k-th subarray,










where θˆkl , τˆ
k
l , and rˆ
k
l are the azimuth, delay, and range estimates for the l-th source at the
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k-th subarray, respectively. sˆl is a vector with the estimates of the symbols transmitted by













⊗ z (τˆ kl ) ] ∈ CMK×1. (3.17)
Following the expectation step, the maximization step transforms a D-dimensional esti-
mation problem into D one-dimensional estimation problems by fixing all except one of the







∣∣∣h (pkl )H Xk∣∣∣2 . (3.18)
To obtain a complete estimate of p the algorithm will solve the set of D optimization prob-



























To estimate each parameter, a different set of parameters is fixed, and a one-dimensional
search is performed over the parameter that is currently being estimated. This process is
iteratively performed until the estimates of all parameters converges.
Once the range and DOA parameter has been estimated for one of the subarrays, an
estimate of the position of the transmitter can be obtained. Assuming that the center of a line
crossing the car and both wing mirrors to be the origin of the reference coordinate system,
denoted as O, it is necessary to obtain the angle φkl , which, as shown in Figure 3.1, is a









With this parameter at hand and following the coordinate system shown in Figure 3.1, an
estimate of the position of the l-th transmitter with respect to the signal received at the k-th











where xkl and y
k
l are the estimated coordinates for the position of the l-th transmitter. where
xRxl is the position of the center of the l-th antenna arrays over the X axis.
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A position estimated with respect one of the subarrays can be then mapped into a DOA
and range estimation to the remaining subarray. Thus, once the full set of the parameters
from one the subarrays have been estimated after a SAGE iteration, the position estimate
extracted from such parameters can be used to update the current estimates for the remaining
subarray before its next SAGE iteration. This can improve the rate of convergence for the
SAGE algorithms as well as prevent the search of one of the SAGE algorithms from running
into a local maximum and converging to an imprecise estimate. Figure 3.2 presents a block

























Figura 3.2: Block diagram for the proposed flip-flop method
Ideally, after the SAGE algorithm has converged at all subarrays, the transmitter would be







due to the noise present at the antenna measurements and possible numerical errors induced
during the estimation of the position of the transmitter with respect to the two subarrays, they
will be different, thus xˆ1l 6= xˆ2l and yˆ1l 6= yˆ2l . To solve this, the final estimation can be given














where γ and ν are weighting coefficients that represent how reliable are the position estimates
of each subarray. These weights can be set, for instance, as a function of the received signal
strength at each of the subarrays. In this case γ and ν are given by
γ =
(





a(θˆ1l )⊗ z (τˆ 1l )
)
(
a(θˆ1l )⊗ z (τˆ 1l )
)H (













a(θˆ2l )⊗ z (τˆ 2l )
)
(
a(θˆ2l )⊗ z (τˆ 2l )
)H (






3.6.2 Joint Direct Position Estimation
To avoid performing two independent estimations, one at each subarray, and conse-
quently having merge both results, the estimation problem can be rewritten to a new
parametrization. A set of coordinates for a transmitter will have a unique mapping to a
given set of DOA and range at each subarray. Thus, the problem can be directly written
with respect to these parameters, the coordinates of a transmitter, which are common to both
subarrays.
The range parameter present in (3.1) can be written as
rkl =
√
(xRxk − xl)2 + (yl)2, (3.29)







where xl = x1l = x
2





Notice that after the re-parametrization, xl and yl are the only unknowns, and are common
for both subarrays. Thus, to jointly estimate these parameters an augmented received signal






∈ R2MK×T . (3.31)
SAGE can then be applied to the dataset X¯ only. The expectation step for this
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where pl is a unique parameter vector for both subarrays given by
pl = [xl, yl]. (3.33)






∣∣∣h (pl)H X¯∣∣∣2 . (3.34)
and the optimization problems can be solved directly for the transmitter coordinates xl and
yl. Since the dataset of both subarrays is jointly used to perform the estimation, the distance
between both subarrays is a contributing factor for the accuracy of the estimates obtained, as
it improves the identifiability of the range parameter.
This method is, however, not without its drawbacks. The computational load when em-
ploying the proposed joint estimation is higher than the computational load involved in the




] in the DOA
estimation, and to [0, rmax] in the range estimation, where rmax is the maximum assumed
communication distance. For the joint estimation method, the search space is, in theory,
[0, rmax] for both xl and yl, assuming that a transmitter can be located anywhere within a
semicircle with radius rmax. While the search space may be reduced by assuming certain
constraints on a transmitting vehicle, it might lead to large biases in the presence of non-
line-of-sight (NLOS) components that are not arriving from a position contained within this
reduced search space. Due to the restricted search space, such components will not be prop-
erly estimated, and, therefore, their contribution to the received signal will not be properly
separated from the remaining components, leading to possibly large estimation biases.
3.6.3 DOA only estimation
Alternatively, if a planar wavefront model is assumed, a position estimation for the trans-
mitter can be obtained by performing individual parameter estimations at each of the subar-
rays independently. In this case, the DOA estimation of an incoming signal at each of the
subarrays can be used to triangulate the transmitter, thus a narrowband model is sufficient.
Notice that in this case, the phase delay factor ψl(m − 1)2 does not need to be considered
in (3.1), therefore it is not possible to obtain a direct ranging estimate. With DOA estimates
at hand and following the coordinate system shown in Figure 3.1 the lines representing the
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l − tan(φ2l )xRx2 . (3.36)
The position of the transmitter array can be obtained by calculating the point where (3.35)
and (3.36) intersect, this can be done by solving
xl =
tan(φ1l )xRx1 − tan(φ2l )xRx2





l ) (xRx2 − xRx1)
tan(φ2l )− tan(φ1l )
. (3.38)
While this method requires only DOA estimates at each of the subarrays to provide a po-
sition estimate for the transmitter, it is highly sensitive to imprecisions in the DOA estimates
as it is a highly nonlinear function of these estimates.
3.6.4 Applicability of TDOA Estimation for Positioning
Another possible solution for estimating the position of a transmitter is to use the DOAs
and TDOAs that have been estimated. Using the estimates of the time delay of arrival





where c is the speed of light. However, estimating the range by means of the TDOA is less
robust than the one obtained trough the SAGE estimation using the spherical wave model.
This is due to the fact that the TDOA can only be estimated with respect to an internal refer-
ence at the receiver. That is, the TDOA estimation will be influenced by the synchronization
between the transmitter and the receiver. Whatever error is present in synchronization will be
present in the TDOA estimation, as the internal reference of the receiver will differ from the
one of the transmitter. Therefore, unless a very reliable source of synchronization is present,
this method of positioning is not suitable for safety-critical applications, as a error in TDOA
estimation of just one nano second will already result in a ranging error of approximately 30
cm. If the synchronization between receiver and transmitter is to be relied on, the position
of the transmitter can be estimated following (3.23) and (3.24) and substituting the range
estimate for the one shown in (3.39).
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3.7 Three Dimensional DOA Based Estimation
This section presents an extension of the proposed DOA only based method to the three
dimensional case. The assumed scenario is presented in subsection 3.7.1. Subsection 3.7.2
defines the attitude angles while subsection 3.7.3 details the computation of the direction
vectors. Finally, the proposed estimation method is presented in 3.7.4.
3.7.1 Scenario Description
This method assumes a MIMO system composed of a URA and an antenna array at the
UAV as shown in Figure 3.3. The URA is the center of the 3-D space formed by x, y and z.
The UAV is endowed with T transmitting antennas and the URA at the base station in Figure









Figura 3.3: System model composed of a URA at the base station and an antenna array at
the UAV.
The origin of a three dimensional coordinate system is placed center position of the
URA and the far-field and narrowband assumptions are considered applicable. The antennas
present at the UAV are considered to be points in space, and shall be denoted as Ps1 . . . Psd ∈
R3. The distance between any two antennas i and j,
∥∥∥−−−→PsiPsj∥∥∥, is considered to be known.
3.7.2 Definition of the Attitude Angles
Figure 3.4 illustrates a graphical representation of the definitions of pitch, yaw and roll
for this work. The pitch axis is defined as the line that passes trough the nose and tail
antennas, the roll axis as the line that passes through both wing antennas and the yaw axis
as a line perpendicular to these two and passing through the center of the UAV. The attitude
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Figura 3.4: Definitions of pitch α, yaw β and roll γ
3.7.3 Direction vector computation
The first step is to estimate the DOAs of the the signals transmitted by each of the T
antennas of the UAV. Once the DOAs have been estimated, the next step is to generate a
direction vector for the signals. The center of the URA is considered to be the origin of
our coordinate system and shall be denoted as O. Antennas are considered points in space.
Since the URA is the origin of the coordinate system, all signals pass through the origin, and
thus an equation representing the coordinates xPi , yPi and zPi of any point Pi within the line
representing the i-th signal can be written as
xPi = ‖mPi‖ · sin(φi) cos(θi),
yPi = ‖mPi‖ · sin(φi) sin(θi), (3.40)
zPi = ‖mPi‖ · cos(φi),
where θi and φi are the azimuth and elevation of the i-th signal respectively and ‖mPi‖ ∈ R




After obtaining the direction vector for all signals, an estimate of the positions of the
antennas on the coordinate system can be obtained by solving a system of equations based
on the distance between each pair of antennas. The Euclidean distance between two points
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(xA − xB)2 + (yA − yB)2 + (zA − zB)2. (3.41)
To find the estimate of the point where antennas i and j are located xA, xB, yA, yB, zA
and zB can be replaced by xPi , xPj , yPi , yPj , zPi and zPj respectively. Since the distances
between each pair of antennas and the DOAs of each signal are known, ‖mPi‖ and
∥∥mPj∥∥
can be obtained, yielding an estimation of the positions of antennas i and j with respect to
the center of the URA. Note that there are n(n − 1)/2 available equations to choose from,
where n is the number of antennas present at the UAV. Once the position of the antennas in
the UAV has been calculate, the TRIAD algorithm can be used to determine its attitude. The
TRIAD algorithm is detailed in Appendix H.
3.8 Simulation Results
This section presents a performance assessment of the proposed flip-flop and joint po-
sitioning methods. Subsection 3.8.1 presents the results obtained for simulated data while
subsection 3.8.2 presents the results obtained using measured data.
3.8.1 Results for Simulated Data
The performance of the proposed flip-flop and joint positioning algorithms is assessed by
a set of numerical simulations. The simulation assumes two antenna subarrays at the wing
mirrors; these are considered to be ULAs composed of M = 5 antennas with inner element
spacing of ∆m = λ2 . For the simulations, this work assumes the transmitter is using the LTE
standard, with the maximum fast Fourier transform size of 2048, of which 1200 are effec-
tive subcarriers, and 15 kHz subcarrier spacing. Estimations are done assuming T = 100
OFDM symbols have been sampled with a normal cyclic prefix. Frequency correlation is
introduced by following the model proposed in [51]. To assess the performance of the pro-
posed methods with respect to the bandwidth of the transmitted signal, a bandwidth ranging
from a tonal signal (narrowband) to 20 MHz (largest possible LTE channel bandwidth) is
considered. The ranging estimation is done only using the range parameter present in the
spherical wave model, since the TDOA estimate reliability depends on the synchronization
between transmitter and receiver. The antenna arrays are assumed to be placed 1.80 m apart
from each other, the average car width. Unless stated otherwise, the simulations assume
the presence of 3 non line of sight (NLOS) components with respective scatterers randomly
placed between the transmitter and the receiving array. The number of components is not
assumed to be known for the purposed of estimating the parameters using SAGE. Unless
stated otherwise, the Rician K factor for the simulations is kept fixed at 3 dB. The SAGE
algorithm for both the flip-flop and joint estimation methods is initialized using a position
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estimates obtained using the DOA only method. The root mean squared error (RMSE) is
derived based on 1000 Monte Carlo simulations and is calculated as
RMSE =
√
(xˆ− x)2 + (yˆ − y)2. (3.42)
The first set of simulations assesses the performance of the proposed method for different
SNR. For this set of simulations the distance between the receiving array and the transmitter
is kept fixed at 20 m and the SNR varies from -5 to 25 dB. Figure 3.5 show that, for the
joint estimation method, the extra frequency samples provided by a broader bandwidth have
a large impact on performance. When a narrowband case is considered, SAGE does not con-
verge to an accurate estimate under low to moderate SNR conditions. However, once more
frequency samples are introduced, the joint estimation method is capable of sub-centimetre
accuracy even for low SNRs. The flip-flop method performance is shown to be more stable
in the narrowband case, however, it is still outperformed by the joint method for high SNRs.


















Joint - 10 Mhz
Joint - 20 Mhz
Flip-Flop - Narrowband
Flip-Flop - 10 Mhz
Flip-Flop - 20 Mhz
Figura 3.5: Position estimation error vs SNR
The second set of simulations studies the performance of the proposed methods depen-
dence on the distance from the transmitter. For this set of simulations, the SNR is kept fixed
at 15 dB, and the distance between the receiving array and transmitter varies from 5 to 50
meters. The results in Figure 3.6 show that, for both methods, the accuracy is degraded as the
distance from the transmitter increases. Despite having the worst performance the flip-flop
method is still capable of sub-meter performance for distances up to the 35 meters from the
transmitter in the narrowband case.
The next set of simulations presented in Figure 3.7 studies the performance of the pro-
posed algorithms as the number of NLOS components increases while the K-factor is kept
fixed at 3 dB, except for the case where no NLOS component is present, where the K-factor
tends to infinity. For this simulation, the SNR is kept fixed at 15 dB, and the distance from
the transmitter to the receiver is fixed at 20 m. The results show that the number of NLOS
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Joint - 10 MHz
Flip-Flop - 10 MHz
Figura 3.6: Position estimation error vs distance from source
components has only a moderate impact on the performance of the proposed method if the
K-factor is reasonable. As the number of NLOS components increases, the probability of
closely spaced sources increases and the probability of NLOS paths with similar TDOAs
increases, leading to a possible higher spatial correlation and frequency correlation. The
increased spatial correlation is especially harmful as it can make a NLOS component non
separable from the LOS component by SAGE. The results also show that, in the unlikely
scenario where only the LOS component is present, the performance of the proposed meth-
ods is greatly improved.












Joint - 10 MHz
Flip-Flop - 10 MHz
Figura 3.7: Position estimation error vs number of NLOS components
Next, in order to assess the effect of the K-factor on the proposed methods, the number of
NLOS components is kept fixed at 6 an the K-factor is varied. Figure 3.8 shows that, unlike
increasing the number of NLOS components, the performance effects of large K-factor on
the proposed methods is substantial.
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Joint - 10 MHz
Flip-Flop - 10 MHz
Figura 3.8: Position estimation error vs K-factor
The fifth set of simulations, with results presented in Figure 3.9, shows the estimation
error over the x- and y-axis of the position estimation. For this set of simulations the distance
from the transmitter is fixed at 20 meters and the performance presented is for the joint
estimation method using a 10 MHz bandwidth. The results show that most of the estimation
error is a result of the error over the y-axis. The range parameters is present only in the ψ
component of the model. This component has a highly nonlinear relationship with the range
parameter, thus, even small errors in the identification and estimation of this component will
lead to rather large errors in the range estimate. However, even for low SNRs, the error over
the y-axis component is kept bellow one centimetre.





















Figura 3.9: Position estimation error over the x- and y-axes
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3.8.2 Results for Real Data
To assess the performance of the proposed method in real world scenarios, a measured
data set is used. The measurements were performed using a center frequency of 2.59 GHz
with 50 MHz of bandwidth. The antenna array is a ULA composed of 128 elements with
inner element spacing of λ
2
= 5.8cm and spanning 8 meters. Measurements were performed
at the Lund University Department of Computer Science. The antenna array was placed on
the roof of the entrance and the measurements were performed on a patio overlooked by the
array. Figures 3.10a and 3.10b present and overview of the placement of the antenna and
a picture of the antenna array that was used for the measurements. Figure 3.11b presents a
map of the location of users on the patio shown in Figure 3.11a with respect to the position
of the antenna array.
Antenna array
User locations
(a) Overview of measurement setup
(b) Antenna array used for measurements
Figura 3.10: Antenna array and an overview of its placement












(b) User distribution for measurements
Figura 3.11: Patio where measurements were performed and map of user distribution
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To assess the performance of the proposed algorithms using real data the positions of
users 5, 10, 15, 19, and 26 are chosen to be estimated, as depicted in Figure 3.11b. One
of the shortcomings of the measured data set it that the elevation of the antenna array is
not the horizon, as assumed on the model, which might introduce some bias on the final
position estimates. To better approach the vehicular scenario, two subarrays composed of 5
elements are selected from the 128 avaliable elements. These subarrays are chosen as to be
approximately 1.8 meters apart and equidistant from the center of the array.
Figures 3.12 and 3.13 present the performance of the proposed position estimation meth-
ods when applied to the measured data set. Synthetic noise is added to the measurements in
order to assess the performance of the proposed method with respect to SNR in real scenar-
ios. The results show that, for user 5, there is a constant bias present in the estimation. This
is due to the fact that user 5 has a very low elevation angle with respect to the antenna array,
this will lead to the measurements not fitting the assumed model. Furthermore, the antenna
responses for such a low elevation angle can be very different from the assumed isometric
patterns. For the remaining users the performance behaves similarly to the results obtained
with the simulated data set, users that are located further form the array will have a smaller
localization accuracy than those closer to the array.
The overall difference in performance from the real data set to the simulated data set is
most likely due to noise already present in the measurements and which is introduced by
instruments such as power amplifiers and converters used in the set-up. Despite these im-
precisions, the proposed joint estimation method was capable of achieving sub meter perfor-
mance for an added SNR of up to 10 dB for all except user 5, and presented centimetre-level
accuracy for a SNR of 20 dB. The flip-flop method was also able to achieve sub-meter accu-
racy for SNRs larger than 10 dB with a faster convergence rate when compared to the joint
method.

















Figura 3.12: Position estimation error for measured data using the proposed joint estimation
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Figura 3.13: Position estimation error for measured data using the proposed flip-flop estima-
tion
3.9 Summary
This chapter presented novel methods for position estimation for vehicular network sys-
tems. The proposed methods rely on using a broadband and spherical wave model.
The SAGE algorithm is used to provide position estimates in two distinct ways. The
presented flip-flop method estimates the DOA and rage of received signals at two subarrays
separately, and uses the results of one array to update the problem on the remaining one.
This method has moderate accuracy and a fast convergence time.
The proposed joint estimation method is used to obtain a direct estimate of the coordi-
nates of the transmitter by parametrizing the problem directly over such coordinates. While
this method has a slower convergence time, it is capable of providing superior performance
compared to the flip-flop method.
The performance of the proposed methods is studied using simulated and real measured
data. Using the simulated data set this work shows that the proposed methods are capable of
sub centimetre level accuracy when the only error source is additive white Gaussian noise.
In case of using the real data set this work proves that the proposed method is capable of
achieving centimetre-level accuracy for moderate distances and large SNRs, and will provide
sub meter accuracy for moderate SNRs when other sources of error are introduced by the
measurement chain.
The proposed methods can be used as a stand-alone localization estimation methods
as well as for spoofing mitigation, as they rely solely on estimating parameters from the
physical layer. Such parameters are extremely hard to fake with hardware available today.
Furthermore, they do not require any specific data to be transmitted and can be applied when
any data exchange is happening on the network. Therefore, the proposed methods do not
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imply an increased network load.
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Conclusion
In this work the following research questions were tackled:
1. How to estimate the directions of arrival of correlated sources that are impinging on
an antenna array that does not possess the necessary characteristics (geometry or elec-
tromagnetic response) for doing so?
2. Can array processing techniques be used to provide improved lifetime and communi-
cation performance in wireless sensor network?
3. Can array processing techniques be used to reliably estimate position of vehicles and
pedestrians in vehicular scenarios based on their radio transmissions?
The first research question was addressed in Chapter 1. This chapter discussed two ap-
proaches for sector detection and discretization, one approach is based on the UT while the
other is based on the PCA. The presented approaches aim to preserve the statistical charac-
teristics of the signal to be transformed while minimizing the transformation bias introduced
in the process.
Linear array interpolation was discussed and an extension of linear interpolation to the
multidimensional case was presented. The approach generalizes the problem of linear inter-
polation to an arbitrary number of dimensions and allows the application of linear interpola-
tion to arrays other than linear.
Two different alternatives for nonlinear array interpolation were also presented in Chap-
ter 1. A way of performing array interpolation using the MARS method was presented.
MARS is capable of expressing non-linear relationships between the real and the desired
response. MARS is shown to achieve good performance for larger SNRs and can provide
performances close to the CRLB. Furthermore, a novel approach for array interpolation ex-
tending GRNNs to the problem of array interpolation was also presented. Using GRNNs
allows the interpolation to take into account larger sectors of the field of view of the an-
tenna array and to achieve DOA estimation results with smaller estimation error compared
to standard linear array interpolation. The proposed method is specially beneficial for arrays
with a limited number of elements or in the case where a larger number of signals is present
at the array, since in these cases the transformation error for the linear approach will lead to
considerable bias in the DOA estimation. As it is possible to implement the proposed GRNN
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array interpolation in a parallel manner, this leads to a fast interpolation especially suitable
for real time applications. While nonlinear methods are capable of providing an improve-
ment of the linear interpolation, it is computationally expensive and does not always provide
a large improvement.
The performance of the proposed nonlinear interpolation methods was assessed using the
response obtained from a real array. For such array, the proposed nonlinear methods were
capable of vastly outperforming their linear couterpart.
The second research question was addressed in Chapter 2, which presents a framework
for tackling practical problems for the implementation of C-MIMO in WSNs. The energy
efficiency of C-MIMO in relation to that of multihop communications were studied and
expressions comparing the consumption of multi-hop and C-MIMO are derived. This allows
a routing mechanism to properly decide when to employ multi-hop or C-MIMO, achieving
the minimal possible energy consumption for data transmission.
A method allowing the various nodes involved in C-MIMO to properly schedule trans-
mission and reception was presented. A simple sliding correlator synchronization method
was also presented as means of achieving coarse synchronization. More precise synchroniza-
tion methods based on ML and a DFT were presented. It was shown that the ML method is
capable of achieving a higher degree of accuracy, whereas the DFT based method is com-
putationally less complex. Furthermore, an analysis of the effect of synchronization errors
on C-MIMO schemes and of how the synchronization errors spread over the network was
presented. Based on this analysis, a relation between symbol periods, clock drift, and syn-
chronization error was derived. This can be used to ensure that an acceptable degree of
synchronization is achieved for a given data rate by using C-MIMO.
Also in Chapter 2, a method that allows the formation of efficient C-MIMO cluster was
proposed, availing the benefits provided by this communication scheme, such as reduced
energy cost and better distribution of energy demand. The proposed method was shown to
extend network lifetime by reducing individual node failures and to achieve networks with
a more homogeneous distribution of energy between the nodes, resulting in networks that
remain fully connected for longer periods.
The last research question was addressed in Chapter 3, where two different methods
for position estimation in vehicular networks were presented. These methods rely on the
presence of separate antenna arrays on the frame of the vehicle and use a spherical wave
model in order to estimate the position of a transmitter.
A fast converging flip-flop method that performs estimations of DOA and rage at each
subarray individually was presented. This method uses the output of the estimation at each
subarray to update the estimation problem on the remaining subarray. A joint estimation
method, that uses the data of both subarrays simultaneously to estimate the coordinates of
the transmitter directly was also presented. This method is capable of superior accuracy
when compared to the flip-flop method at the cost of increased convergence time.
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Both methods were tested using simulated and a real measured data set. The simulated
data shows that the proposed methods are capable of centimetre level accuracy under ideal
conditions. The real data set shows that the proposed methods are still capable of achieving
sub metre accuracy when other sources of error, such as the ones introduced by conversion
and amplification, are present.
In summary, this work aimed to bring array processing closer to real life problems. Array
interpolation allows the application, in real systems, of signal processing tools that were
previously confined to theory. Cooperative MIMO can be of great use to WSNs to extend
their lifetime and, with that, their usability. Finally, array processing can be used to help
solve the problem of localization in the context of vehicular networks, solving the problem of
reliability that is present when GPS or RSSI information is used. This can enable important
technologies such as automated driving and platooning to become a reality.
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Sumário
Esta tese busca responder as seguintes questões:
1. Dado um arranjo de antenas não ideal com erros causados por posicionamento ou por
acoplamento eletromagnético, como estimar a direção de chegada (DOA), do inglês
Direction Of Arrival, de fontes correlacionadas em cenários realísticos?
2. É possível aplicar técnicas de processamento em arranjo para melhorar a vida útil e a
performance da comunicação em redes de sensores sem fio?
3. É possível aplicar técnicas de processamento em arranjo para se estimar, de forma
confiável, a posição de veículos e pedestres em contextos veiculares usando-se para
isso a suas transmissões de rádio?
Interpolação de Arranjo
A primeira questão tratada na tese, discutida no Capítulo 1, lida com o problema de
interpolação de arranjos. Vários métodos importantes de processamentos de sinais, em ar-
ranjos presentes hoje na literatura, demandam que o arranjo possua uma estrutura especifica
e muito precisa. Métodos como o Iterative Quadratic Maximum Likelihood (IQML) [10],
Root Weighted Subspace Fitting (Root-WSF) [99], Root-MUSIC [3], Spatial Smoothing
(SPS) [37] e Forward Backward Averaging (FBA) [88] requerem que o arranjo possua um
resposta conhecida como Vandermonde, centro-hermitiana ou ambas. Dadas as limitações
na construção de antenas encontradas na prática, é impossível se construir arranjos que pos-
suam essas características. Portanto, para que seja possível aplicar as referidas técnicas em
arranjos reais é necessária a aplicação de um passo intermediário, conhecido como interpo-
lação de arranjos. Esse passo transforma a resposta real do arranjo na resposta desejada. A








Figura 3.14: Representação gráfica da interpolação de arranjos
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O primeiro problema tratado no capítulo sobre interpolação de arranjos é a decisão so-
bre qual área da resposta do arranjo deve-se aplicar a interpolação. Quanto maior a área
tratada pela interpolação, maior será o erro induzido pela própria interpolação. Na tese é
proposto um mecanismo para que a área tratada pela interpolação seja escolhida de forma
adaptativa baseando-se na energia recebida em cada região do arranjo. Uma vez decidida a
região sobre a qual a interpolação deve ser aplicada, o próximo passo é a discretização da
região escolhida. Para isso, são apresentados dois métodos distintos. Um método baseado
na análise de componentes principais (PCA), do inglês Principal Component Analysis, que
é capaz de aproximar as características estatísticas da região selecionada e tem baixo custo
computacional. O segundo método de discretização baseia-se na Unscented Transform (UT),
e é capaz de preservar com precisão todas as características estatísticas da região selecionada
mas com elevado custo computacional.
Uma vez que as regiões tenham sido discretizadas, a tese propõe métodos lineares e
não lineares para a interpolação. A técnica linear apresenta uma complexidade reduzida
e uma performance razoável para arranjos que tenham um comportamento relativamente
próximo ao comportamento ideal desejado. Caso o arranjo apresente um comportamento
muito distante do ideal, as técnicas não lineares podem ser aplicadas para se obter uma
performance superior porém exigindo uma maior complexidade computacional. As Figuras
3.15 e 3.16 apresentam a performance dos diferentes métodos de discretização e interpolação
para diferentes arranjos. É possível observar que para arranjos com distância menor entre
os elementos, aonde ocorre maior acoplamento entre as antenas, a performance dos métodos
não linear se destaca em relação ao método linear, uma vez que o método linear passa a não
ser o suficiente para compensar as imperfeições.





















Figura 3.15: Performance da estimação de direção de chegada com um arranjo com sepa-
ração entre elementos de 0.4 λ
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Figura 3.16: Performance da estimação de direção de chegada com um arranjo com sepa-
ração entre elementos de 0.2 λ
MIMO Cooperativo Para Redes de Sensores Sem Fio
A segunda questão, debatida no Capítulo 2, trata da utilização de técnicas de comuni-
cação de múltiplas entradas e múltiplas saídas (MIMO), do inglês Multiple-Input Multiple-
Output. Utilizando-se o MIMO é possível transmitir dados a longas distâncias sem exigir
um custo energético insuportável de um só membro da rede de sensores. Entretanto, para
que as técnicas MIMO possam ser utilizadas de forma eficiente, é necessário que todos os
membros envolvidos na comunicação estejam sincronizados com alta precisão. Para isso,
são propostos dois métodos de sincronização. Um método de sincronização baseia-se na
verossimilhança e é capaz de alta precisão ao custo de elevada complexidade computacional.
Um segundo método utiliza a transformada discreta de Fourier para sincronizar pares de
membros da rede. Apesar de não ser tão preciso quanto o método de verossimilhança, esse
método é capaz de conseguir níveis de sincronização suficientes para a comunicação MIMO
com um custo computacional inferior.
Visto que a comunicação usando MIMO se mostra vantajosa somente a partir de distân-
cias relativamente longas, a sincronização entre grupos transmissores e receptores se dará de
forma encadeada. Durante a sincronização entre cada par de membros da rede é introduzido
erro na sincronização. Na tese é apresentado um estudo sobre a característica do erro total
de sincronização ao final da cadeia de membros. Utilizando-se esse estudo, é apresentado
uma formula analítica para o intervalo máximo de re-sincronização entre dois membros da
rede. Com essa formula é possível que o projetista da rede ajuste parâmetros como a taxa
símbolos para que os membros da rede estejam sempre sincronizados de forma adequada
para a transmissão utilizando o MIMO.
A tese trata também sobre a seleção entre MIMO e técnicas de comunicação comuns.
Além de selecionar a melhor técnica, é proposto um método que seleciona a melhor formação
109
MIMO em relação não somente ao custo energético mas também em relação a distribuição
energética da rede. Assim, é possível que os membros da rede esvaziem suas reservas en-
ergéticas simultaneamente e não de forma individual, o que é desejável na maioria dos casos
para redes de sensores.
As figuras 3.17, 3.18, 3.19, 3.20, 3.21 e 3.22 apresentam a distribuição energética de
uma rede simulada utilizando apenas técnicas convencionais de comunicação e utilizando
os métodos propostos na tese. Os resultados demonstram que, utilizando-se os métodos
propostos, a rede apresenta uma distribuição energética mais homogénea e se mantém com-
pletamente conectada por mais tempo.
Localização via Processamento de Arranjo Para Redes Veic-
ulares
A terceira questão, discutida no Capítulo 3, trata da localização de carros ou usuários de
estradas vulneráveis (VRU), do inglês Vulnerable Road Users. Instalando-se dois arranjos
de antenas em pontos distintos de um veículo, na tese presume-se que os arranjos estejam
instalados nos espelhos retrovisores, é possível levar em conta a curvatura da frente de onda
transmitida para se localizar o transmissor com precisão. Utilizando-se um modelo de dados
que leva em conta a curvatura esférica da onda transmitida, é possível se estiver não somente
a direção de chegada mas também a distância do transmissor.
A tese apresenta três alternativas para a estimação da posição do transmissor. Uma al-
ternativa utiliza somente as direções de chegada estimadas. Apesar de extremamente sim-
ples, esse método é altamente vulnerável a imprecisões na estimação da direção de chegada.
Levando-se em conta não somente a direção de chegada, mas também a distancia do trans-
missor, é possível implementar-se um algoritmo iterativo entre os dois arranjos do veículo.
Por ultimo, o método mais completo e complexo, leva em conta os dados recebidos nos dois
arranjos simultaneamente. Esse método é capaz de alta performance ao custo de grande
complexidade computacional.
As figuras 3.23 e 3.24 apresentam a performance dos métodos propostos utilizando-se
um arranjo real e suas medições.
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Figura 3.17: Comparação da reserva en-
ergética dos nós da redes sem MIMO
após 2500 segundos
Meters

























Figura 3.18: Comparação da reserva en-
ergética dos nós da redes com MIMO
após 2500 segundos
Meters

























Figura 3.19: Comparação da reserva en-
ergética dos nós da redes sem MIMO
após 4500 segundos
Meters

























Figura 3.20: Comparação da reserva en-
ergética dos nós da redes com MIMO
após 4500 segundos
Meters

























Figura 3.21: Comparação da reserva en-
ergética dos nós da redes sem MIMO
após 5500 segundos
Meters

























Figura 3.22: Comparação da reserva en-
ergética dos nós da redes com MIMO
após 5500 segundos
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Figura 3.23: Erro na estimação de posição utilizando dados reais para a estimação conjunta
















Figura 3.24: Erro na estimação de posição utilizando dados reais para a estimação iterativa
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0 0 · · · 0 1





0 1 · · · 0 0
1 0 · · · 0 0

∈ Cn×n. (A.1)
Thus, left hand multiplication of a matrix by an exchange matrix reverses the order of its
rows while a right hand multiplication will reverse the order of its columns.
Definition 5. A matrix W ∈ Ci×j is called centro-Hermitian if
QiW
∗Qj = W, (A.2)
where (·)∗ stands for complex conjugation.
Definition 6. A matrix W ∈ Ci×j is called left centro-Hermitian if
QiW
∗ = W⇔ QiW = W∗. (A.3)
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Appendix B
Forward Backward Averaging and
Spatial Smoothing
One of the goals of this work is to enable the application of FBA and SPS in arrays with
arbitrary responses. In this section these techniques are detailed and its effect in a possible
rank deficient signal correlation matrix is shown. Both these techniques require a regular
array geometry such as a ULA or URA as mentioned, this can be virtually obtained via array
interpolation as shown in this work. The Forward Backward Averaged received signal matrix
is constructed as
Z = [X|QMX∗QN ], (B.1)
where Qn is a n × n exchange matrix as given in (4). Let A be a steering matrix for d = 3
and M = 3 in a centro-hermitian array
A =











 e−jµ1 e−jµ2 e−jµ31 1 1
ejµ1 ejµ2 e−jµ3
 . (B.4)
The signal matrix for N = 3 can be written as
S =













The steering matrix is not affected by the transformation, i.e., the DOAs of the normal and
Forward Backward Averaged version are the same, therefore X and QMX∗QN can be con-
catenated. Also, SQ∗N virtually enhances the number of samples to a degree that depends on
the correlation between the incoming signals, as shown latter in the appendix. When only
noise is present
Z =
 n1,1 n1,2 n1,3 n∗1,3 n∗1,2 n∗1,1n2,1 n2,2 n2,3 n∗2,3 n∗2,2 n∗2,1








since the entries ni,j are drawn from CN (0, σ2n) the noise samples are spatially uncorrelated.
A similar analysis can be made for Spatial Smoothing dividing the array into two subar-













Therefore, A(1) and A(2) introduce the same phase delay between the signal samples and can
be used to obtain two independent DOA estimations from
A(1)S, (B.10)
A(2)S, (B.11)
at the price of sacrificing an antenna for each estimation. These estimations can be, for
simplicity, averaged uniformly.
A deeper analysis can be made by looking into the effects on the covariance of the re-
ceived signal. Let
D = diag[ejθ1 , ejθ2 , ..., ejθd ]. (B.12)

















∗Q,where Q is an exchange matrix as given in (4). Given that QA*W = AW
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the backward signal covariance matrix is given by
RXX
(i)





















where L is the total number of subarrays employed. Since D∗ = D−1 the following relation-
ship holds





















































Thus, if the cross correlation between the signals is a purely imaginary number it is com-
pletely mitigated by the Forward Backward averaging alone. Considering that only spatial
smoothing was applied, its elements are given by
[RSS
(L)















When i = j
[RSS
(L)
SS ]ij = [RSS]ii, (B.19)
































Thus, the effectiveness of Spatial Smoothing depends directly on the difference between the
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∆θij between the angles of arrival of the signals indexed by i and j, this is why Spatial
Smoothing is applied mostly in a heuristic manner and why, in this work, a simple way of




Proof of Theorem 1
Proof. Let a random variable r˜ have a probability distribution function pr˜(r), r ∈ R. As-
suming that a moment generating function Mr˜(k) exists, it is equivalent to the two-sided
Laplace transform of r˜. Hence,
Mr˜(−k) = L{pr˜(r)}(k) + L{pr˜(−r)}(−k), (C.1)
where L{pr˜(r)}(k) is the Laplace transform of pr˜(r). Thus, Mr˜(−k) is unique iff both sides
of the Laplace transform are unique. Therefore, since the Laplace transform of a function is
unique, so is Mr˜(−k). Thus, a PDF can be uniquely described by its moments provided that
all moments exist and that pr˜(r) is integrable on any finite subset over its support.
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Appendix D
Proof of Theorem 2
Proof. The log-likelihood can be given as





(X−AS)− (X−AS)H} , (D.1)
where tr{.} is the trace operator. Differentiating (D.1) with respect to σ2n and equating to






(X−AS)− (X−AS)H} . (D.2)
Substituting (D.2) into (D.1), differentiating with respect to S, and equating to zero gives
an estimate for S
Sˆ = (AH A)−1AHX. (D.3)
Then, substituting (D.2) and (D.3) into (D.1) yields









Assuming that the received signals have low spatial correlation with
∀d
i, i′ = 1
i 6= i′
aH(θi, φi)a(θi′ , φi′)→ 0, (D.5)
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P (θ, φ) |(θ,φ)∈Sk , (D.6)




P (θ, φ) ∆θ∆φ. (D.7)
Remark 1. The assumption that signals have low spatial correlation can be found valid for
many cases, especially, for arrays with M → ∞. However, signals can still have high
correlation in time with cross-correlation coefficient γi,i′ → 1.
Remark 2. The approximation introduced in (D.6) results to ∀(θ,φ)/∈S lc(X;θ,φ) , 0. The
normalization χk with respect to each sector Sk makes it possible to consider the concen-
trated loss function for each sector Sk as a separate PDF when applying the UT.
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Appendix E
Multivariate Adaptive Regression Splines
(MARS)
The MARS [41] regression model is an extension of piece wise linear regression models.
MARS uses a set of splines as basis functions, these splines in turn have the input variables
of the model as their parameters. MARS is an attractive regression technique due to the fact
that it is capable of representing nonlinear relationships between input and output variables
through the multiplication of basis functions. MARS is also a non-parametric regression
model, therefore it is capable of deriving the relationship between input and output variables
purely based on the data and requires no presumptions.




max(0, k − z)
or





a if a > b
b if a ≤ b , (E.2)
and k is known as a knot. The set C = {max(0, k − z), max(0, z − k)} is called a reflected
pair.
Let zi ∈ RI be a vector containing the observations of the I input variables belonging
to the set I for a given training data observation. Let O be the total number of training data
observations andO be the set containing all the observed values for the input variable during
training. The set of candidate basis functionsH for a given MARS model can be built using
all the possible combinations of the pairs max(0, k − z) and max(0, z − k) with k ∈ O and
z ∈ I. Therefore,
|H| = 2IO, (E.3)
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MARS performs two steps in order to create the model of the form




where hl(z) ∈ H and β0, . . . , βL are weighting coefficients calculated using the normal least
squares, and z is a vector containing the observations of the input variables. Note that despite
having as an argument the vector with all input variables, each hl(z) is only a function of a
single element z ∈ z.
The process of building the MARS model is divided in two phases called the forward and
the backwards pass. In the forward pass, basis functions are added to the model setM in
reflected pairs withM⊆ H . The basis functions from the candidate setH are added to the
model set based on their influence on the total regression error. Only once the setM has at
least one basis function, products of candidate functions and functions already present inM
are also considered. Therefore, for |M| > 1 the following candidate functions are assessed
using
cmhc(z), (E.5)
where hc(z) ∈ H and cm ∈ 1 ∪M. Therefore, the model is capable of creating nonlinear
relationships by multiplying basis functions, but products of basis functions are only added
to the model if their lower order part of the product is already present on the model. Basis
functions are added until the model reaches a given maximum model complexity νmax and
basis functions products are only considered up to a maximum order ϑmax.
After the model has reached its maximum allowed complexity, it is probably over-fitted.
Thus, the second phase of the MARS model building, the backward pass, is used to reduce
the model complexity. In this phase, the basis functions that are in the setM and that when
removed impact the squared error the least, are removed. To estimate the optimal model
complexity, MARS uses the generalized cross-validation (GCV), which is defined as
GCV(ν) =
∑O




where yi is the i-th training output, fν is a model of complexity ν and p is a penalty factor.
Different values for p are discussed in [41], where a value of 3 is suggested as a default value.
The GCV penalizes a model based on its complexity and creates a compromise between




Generalized Regression Neural Networks
(GRNNs)
GRNNs are probabilistic neural networks, thus the number of training samples required
is significantly reduced. Since measurements of real antenna array responses can be limited
in resolution due to the computational complexity for electromagnetic simulations or the
hardware available at measurement anechoic chambers, the usage of a probabilistic neural
network can be beneficial.
















D2i = (b− b˜i)T(b− b˜i), (F.2)
cˆ(b) is the estimated output given the input vector b, b˜i is the i-th training input vector, ci
is the i-th training output, σ2 is known as the smoothness parameter and is usually chosen
heuristically, and i = 1, . . . , I where I is the number of training samples available.
In a GRNN the weight of a given training sample on the estimation of the output is given
by (F.2) which is the euclidean distance between a training input and the system input. A
GRNN allows a small number of training samples to be used due to the fact that it is capable
of interpolating between training samples using the calculated weights, as shown in (F.1).
Figure F.1 depicts how a GRNN with input vector b ∈ RJ can be built as a parallel neural
network. The individual layers can have their computations performed in parallel making it







































Assume a network formed consisting of K sensors randomly placed at points
S1, S2, ..., SK where
S1 = [x1, y1]. (G.1)
Furthermore, assuming the presence of a set of nodes Si, ..., Sj that posses prior infor-
mation about their own localization in the network, it is necessary that
|i, ..., j| ≥ 3, (G.2)
and that the orientation of all sensors in know with respect to a common reference, this can
be done by employing a beacon transmitter or assuming an internal compass is present.
The electric field of a propagating wave can be presented as
E = −Exex + Eyey, (G.3)
where Ex and Ey are the horizontal and vertical components of the electric field. These
components define a polarization ellipse shown in Figure G.1.
Figura G.1: Polarization ellipse
Note that the electric field components can be written now in terms of the electric angles
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α and β as
Ex = E cos(γ) (G.4)
Ey = E sin(γ)e
jη (G.5)
where
cos(2γ) = cos(2α) cos(2β) (G.6)
tan(η) = tan(2α) csc(2β). (G.7)
Considering a wavefront impinging over a crossed dipole with components parallel to
the x− and y−axis of the polarization ellipse the output at such dipoles will be proportional
to the components Ex and Ey respectively and be written as
E = (−Ex)ex + (Ey cos(θ))ey
= − cos(γ)ex + sin(γ) cos(θ)ejηey (G.8)
where θ is the angle of arrival of the received wave with respect to the x− axis.
The received signal can now be expressed in matrix as
X = us + N (G.9)
where X ∈ C2×N is the matrix containing the measured outputs at each of the dipoles, N is
the number of measured snapshots, s ∈ C1×N is the vector contain the original transmitted
signal transmitted, N ∈ C2×N is the matrix containing the Additive White Gaussian noise







This localization approach consists of analysing the ratio between the outputs of the












One way to estimate the ratios is to simply average a large number of samples from both
antennas in order to reduce the effects of the noise and obtain the ratio between the powers.
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It is important to highlight at this point that although there is a need for a crossed dipole
with two independent outputs to be present it is not necessary that both outputs are connect
to individual receiver radios. A single symbol can be measured at both outputs by dividing
the symbol duration, assuming the transmitted energy is constant over the entire symbol
duration.
A more precise approach is to employ the ESPRIT algorithm in order to obtain the ratio
between the received symbols. The advantage of the ESPRIT algorithm is that it is capable
of dealing much more efficiently with noise since it relies on an eigendecomposition that
separates noise and signal subspaces.
Although the ESPRIT method is capable of obtaining more precise estimates it generates
a larger computational load. This load is, however, justified as a small error in the estimated
ratio may lead to a large error in the estimation of the DOA. This computationally demanding
step is also only necessary once every time the topology of the network changes, thus, the
ratio at which sensors change location needs to be taken into account when choosing the
estimation method.
Note that the DOA is given with respect to the reference of the x−axis and cannot dis-
tinguish from with direction, front or rear, the signal is arriving. Furthermore, θ ranges from
[−pi, pi] and thus it is also not possible to tell from with sector is the signal actually arriving
since the only information that the system has is cos(θ). The end result is that each sensor
possesses two estimated lines in the ground plane where the transmitting node may be lo-
cated. However, by acquiring a set of line estimates it is possible to obtain a single estimate
of the transmitting sensor localization. The problem is reduced to the least squares problem
of finding the point with minimum distance from any of the possible combination of line
estimates.
By writing the representing the line estimates as line equations of the typeAx+By+C =
0 in the sensor coordinate system, the estimate of the sensor position can be found by solving
min
p
|Ap1x0 +Bp1y0 + Cp1|√
Ap1 +Bp1
+
|Ap2x0 +Bp2y0 + Cp2 |√
Ap2 +Bp2
+ ..., (G.13)
where p is an index set containing the possible combinations of estimated lines. While
more than three sensors can be used to obtain increased accuracy it also results in a higher
computational load involved in the calculation of the minima. Once the lines are choose the
final location estimate S0 = [x0, y0] can be found by taking the derivative of the above with
respect to x0 and y0 and finding the point where it is equal to zero.
Furthermore, this technique may be used in conjunction with other localization methods
such as the RSSI. A set of candidate locations can be selected and the RSSI information can




The TRIAD [8, 9] algorithm allowed the development of early satellite navigation sys-
tems and still represents the state of practice for space and aircraft instrument based attitude
estimation. It involves only two linear independent reference vectors and their respective
measured directions.
By defining two linearly independent reference vectors
~R1 = [x~R1 , y~R1 , z~R1 ]
T ,
~R2 = [x~R2 , y~R2 , z~R2 ]
T , (H.1)
and their respective measured direction vectors
~r1 = [x~r1 , y~r1 , z~r1 ]
T ,
~r2 = [x~r2 , y~r2 , z~r2 ]
T . (H.2)
The TRIAD algorithm tries to find the rotation matrix W that satisfies
~ri = W ~Ri, (H.3)
where WTW = I and det(W) = ±1, i.e W is a orthogonal matrix and preserves the
magnitude of any vector ~Ri it operates on. Since ~R1 and ~R2 are linearly independent vectors,
a linear independent vector orthogonal to both can by obtained by
~R3 = ~R1 × ~R2, (H.4)
where × is the vector cross product operation, the same can be done for ~r1 and ~r2
~r3 = ~r1 × ~r2. (H.5)
Since a rotation applied to ~R1 and ~R2 would also rotate ~R3, a linear system can be written
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as
[~r1, ~r2, ~r3] = R[~R1, ~R2, ~R3], (H.6)
here the commas represent the concatenation of two column vectors. In the noise free case
the present linear system holds exact and will yield an orthogonal matrix W. However, in
the presence of noise, the result might be a non orthogonal matrix. To address this problem




~R1 × ~R2∥∥∥~R1 × ~R2∥∥∥ ,
~S3 =
~S1 × ~S2∥∥∥~S1 × ~S2∥∥∥ , (H.7)






‖~r1 × ~r2‖ ,
~s2 =
~s1 × ~s2
‖~s1 × ~s2‖ . (H.8)
respectively. Note that by construction the matrices [~S1, ~S2, ~S3] and [~s1, ~s2, ~s3] are orthogonal
matrices, since their columns are made orthogonal to each other. This avoids the computa-
tionally intensive task of calculating the matrix inverse, since [~S1, ~S2, ~S3]−1 = [~S1, ~S2, ~S3]T .
Thus, an estimate of W can be found by
Wˆ = [~s1, ~s2, ~s3] · [~S1, ~S2, ~S3]T . (H.9)
As the rotation matrix is directly dependent on the pitch, yaw and roll an estimation can be
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extracted from Wˆ. The yaw, pitch and roll rotation matrices are given by
R(α) =




 cos(β) 0 sin(β)0 1 0
− sin(β) 0 cos(β)
 ,
R(γ) =
 1 0 00 cos(γ) − sin(γ)
0 sin(γ) cos(γ)
 . (H.10)
If the rotation follows the order of yaw, pitch and roll, then
Wˆ = R(α)R(β)R(γ)
Wˆ =
 cos(αˆ) cos(βˆ) cos(αˆ) sin(βˆ) sin(γˆ)− sin(αˆ) cos(γˆ)sin(αˆ) cos(βˆ) sin(αˆ) sin(βˆ) sin(γˆ)− cos(αˆ) cos(γˆ)
− sin(βˆ) cos(βˆ) sin(γˆ)
cos(αˆ) sin(βˆ) cos(γˆ) + sin(αˆ) sin(γˆ)
sin(αˆ) sin(βˆ) cos(γˆ) + cos(αˆ) sin(γˆ)
cos(βˆ) cos(γˆ)
 (H.11)
where αˆ, βˆ and γˆ are estimates of the yaw pitch and roll respectively. Note that changing the
order of rotation will change the structure of Wˆ.
The TRIAD algorithm allows an estimate of the UAV attitude to be obtained by obtaining
only two linearly independent position vectors, such as a wing and the nose position vectors.
Other methods for estimating the attitude exist, such as the QUEST [98] and SVD based
methods such as [76]. These methods are capable of taking into account a broad set of
measurements and reference vectors resulting in a more accurate estimation. However, they
are more computationally bulky than the TRIAD algorithm and, usually, slower, thus not
practical for real-time estimation scenarios.
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